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SUMMARY 

A study is made of t h e   r a d i a t i o n   r e s i s t a n c e  o f   l o n g   c y l i n d r i c a l   s h e l l s  

i n   c o n t a c t   w i t h   a n   i d e a l   c o m p r e s s i b l e   a c o u s t i c  medium o f   i n f i n i t e   e x t e n t .  

The goal   of   the   s tudy i s  the   deve lopmen t   o f   u se fu l   eng inee r ing   r e su l t s   i n  

graphical  form  which are v a l i d   o v e r  a wide  f requency  range  for   broad  types 

of s h e l l  materials and fo r   va r ious   acous t i c   med ia .  

The problem i s  formula ted   mathemat ica l ly   in  terms of two d e s c r i p t i v e  

d i f f e r e n t i a l   e q u a t i o n s :   o n e   f o r   t h e   c y l i n d r i c a l   s h e l l  and t h e   o t h e r   f o r   t h e  

acous t i c  medium. The equat ion   of   mot ion   for   the   she l l   which  i s  exc i t ed  by 

a s o u r c e   i n   t h e   i n t e r i o r  is  developed   in  terms of the   r ad ia l   d i sp l acemen t ,  

W ,  o f   t he   su r f ace   sub jec t   t o   t he   hypo theses   t ha t   t he   she l l ,  composed o f i s o -  

t1-nP.i-c e l a s t i c  material ,  obeys   t h in   she l l   equa t ions  of deformation.  The 

equat ion of mot ion   of   the   acous t ic  medium is  t h e  well known wave equat ion .  

The so lu t ion   t o   t hese   equa t ions  i s  obta ined  by imposit ion  of a boundary 

c o n d i t i o n   e s t a b l i s h i n g   v e l o c i t y   c o m p a t i b i l i t y  a t  t h e   s h e l l - f l u i d   i n t e r f a c e  

and by t h e   r e q u i r e m e n t   t h a t   t h e   r e s u l t s   s a t i s f y   t h e   r a d i a t i o n   c o n d i t i o n   i n  

the  limit a t  l a rge   d i s t ances   f rom  the   su r f ace  of t h e   s h e l l .  The s o l u t i o n  

which i s  w r i t t e n   i n  terms o f   t h e   a c o u s t i c   v e l o c i t y   p o t e n t i a l  i s  employed to 

o b t a i n   t h e   t o t a l  power r a d i a t e d  and the  mean-square  surface  veloci ty  of t h e  

su r face  of t h e   s h e l l .   T h i s   i n f o r m a t i o n  i s  u s e d   t o   c a l c u l a t e   t h e   r a d i a t i o n  

r e s i s t a n c e .  For   convenience   and   genera l i ty ,   the   resu l t s  are o b t a i n e d   i n  
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terms  of  dimensionless  series  that  are  numerically  evaluated  for  realistic 

ranges  of  the  dimensionless  parameters  involved. 

Although  the  problem  is  examined  only  in  terms  of  axisymmetric  and 

lobar  mode  shapes,  the  results  agree  with  experimental  results  in  the  lit- 

erature  both in terms  of  the  peak  at  the  critical  frequency  and  the  asymptotic 

approach  to  the  radiation  resistance of a  flat  plate of equal  area  at  large 

values  of  the  dimensionless  frequency  parameter.  The  analytical  results  are 

presented in  a  form  amenable  to  utilization of a  digital  computer  with  the 

actual  numerical  computation  being  carried  out  for  both  representative  shell 

materials  and  fluids.  The  numerical  results  are  presented  in  terms  of  graphs 

and  tables  to  facilitate  usefulness. 
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1. INTRODUCTION 

A r igorous   s tudy   of   the   v ' ib rq t ion   of  a s t r u c t u r e   i n   c o n t a c t   w i t h  a 

f l u i d   r e q u i r e s   t h e   i n c l u s i o n   o f   t h e   e f f e c t s   o f   t h e   p r e s e n c e  of the  

f l u i d  on   the   mot ion   of   the   s t ruc ture .  Even i n  less r igorous  snalyses ,  

however, a t  l eas t  t h r e e   e i t u a t i o r i s   r e q u i r e   t h e   c o n s i d e r a t i o q  of 

s t r u c t u r e - f l u i d   i n t e r a c t i o n .  

The f i r s t   s i t u a t i o n  i s  the   ca se  of l a r g e   f l u i d   d e n s i t y .  I n  t h i s  

c a s e   t h e   f l u i d  i s  usua l ly  a l i q u i d  and the   r e l a t ive   magn i tude  of t h e  

forces   due   to   the   p resence  of  t h e   f l u i d  as compared to   the   magni tude   o f  

o the r   fo rces   ac t ing   an   t he   S t ruc tu re   p rec lude   any   mean ingfu l   ana lys i s  

when t h e   s t r u c t u r e - f l u i d   i n t e r a c t i o n  i s  negleotsd.  

A second  ins tance   g r iees  when i t  is d e s i r a b l e  tQ be   ab le  to pre- 

d i c t  and c o n t r o l   t h e  amount  of v i b r a t o r y  pQwer t ranemi t ted  t o  the f l u i d  

by t h e   s t r u c t u r e .   T h i s  i s  par t i cu la r ly   impor t an t   i q   mechan ica l   des ign  

where   the   f lu id  is a i r  and t h e   v i b r a t o r y  power i s  unwanted  sound that  

can   adve r se ly   e f f ec t   bo th  men and s e n s i t i v e  equipment i n   t h e   s u r r o u n d -  

ing   a r ea .  

The t h i r d   s i t u a t i o n   o c c u r s  when a s t r u c t u r e  i s  exc i t ed  by 4n 

i n t e n s e   a c o u s t i c  power 1eve.l i n   t h e   s u r r o u n d i n g   f l u i d .  In t h i s  cqse, 

which i s  e s s e n t t a l l y   t h e   i n v e r s e   o f   t h e   e e c o n d  case, t h e   f l u i d  ie q i r  

and   the   acous t ic  power spectral.  components  occur  predominantly i n  tho 

low-sudible t o  sub-audible  frequency  rqnges.  The need to   understand 

t h e   s t r u c t u r e - f $ u i d   i n t e r a c t i o n  phenomenon i n   t h i s  case is  a l s o  due ta  

t h e   d e s i r a b i l i t y   o f   r e d u c i n g   n o i a e   t r a n s m i s s i o n  as well gs s t r u c t u r a l  

v i b r a t i o n .  



R a d i a t i o n   r e s i s t g n c e  i s  a parameter  which i s  w e d   t o  qu;lntiCy the 

s t r u c t u r e - f l u i d   i n t e r a c t i o n  phenomena d i s c u s s e d   b r i e f l y  i n  t h e  three 

preceding   paragraphs .   In   the   s tudy   repor ted   here in ,   the   rad ia t ian  re- 

s i s t a n c e   f o r   u n i t   e l e m e n t s  of i n f i n i t e   c y l i n d r i c a l   s h e l l s  i s  developed. 

R e s u l t s   a r e   p r e s e n t e d   i n   t h e  form  of  graphs  for  convenience as vel1 as 

conciseness .  

Chapter 4 provides  a discussion  of  the  development of t h e   d i f -  

f e r e n t i a l   e q u a t i o n $  of mo t ion   o f   t he   she l l   f o r   t he  two cases   conqidered.  

A brief  development  of  the wave e q u a t i o n   f o r   t h e   a c o u s t i c  medium and 

the  boundary  conditions a t  t h e   s h e l l - f l u i d   i n t e r f a c e  and a t   l a r g e  

d i s t a n c e s  f rom  the   she l l   su r f ace   a r e   i nc luded .  In t he  l a s t  two sec- 

t i ons  of  t h e   c h a p t e r ,   a p   a n a l y t i c a l   s o l u t i o n   f o r   t h e   c a s e  of axi -  

symmetric mode shapes   o f   the   cy l inder  i s  presented   a long   wi th  a 

s o l u t i o n   f o r   t h e   c a s e  o f  lobar  mode shapes.  

Chapter 5 presents  the  methods employed  and r e su l t s   o f   numer i ca l  

eva lua t ion   o f   t he   ana ly t i ca l   exp res s ions   ob ta ined   i n   Chap te r  4 .  The 

e f f e c t s  and r e l a t ive   impor t ance  of  s h e l l   m a t e r i a l   p r o p e r t i e s  and f l u i d  

p r o p e r t i e s   a r e   d i s c u s s e d .  

Chapter 6 con ta ins  an e v a l u a t i o n   o f   t h e   r e s u l t s  and a cgmparison 

of the   r e su l t s   w i th   p rev ious  work. 

Severa l   appendices   a re   inc luded   for  a more de t a i l ed   exp lanac ion  

o f   one   app l i ca t ion   o f   r ad ia t ion   r e s i s t ance  and  procedures  employed i n  

the  main body o f   t h i s   r e p o r t .  The f i r s t  appendix i s  a c t u a l l y  a paper,  

"Response Analysis   af  a Randomly Exci ted   Rig id   P is ton  i p  a n   I n f i n i t e  

Baff le ,"   presented by t h e   a u t h o r   a t   t h e   7 6 t h   M e e t i n g   o f   t h e   A c o u s t i c a l  

Society  of America  and r ep resen t s  a d e t a i l e d   i l l u s t r a t i o n  of an 
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application of radiat ion  res i s tance .  The second  appendix gives  the 

de ta i l ed   ver i f i ca t ion   that   the   goa ly t i ca l   so lu t ions  empycyed i n  t h i s  

work sattsfy  the  radiat ion  condit ion.  The l a s t  appendix gives  the 

de ' ta i l s  of the computer programs ut i l ized   in   the   evaluat ion of the 

ana ly t i ca l   re su l t s .  
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2. GENBRAL CONCEPT OF RADIATION RESISTANCF 

An ana lys i e  of a c o u s t i c a l l y   e x c i t e d   v i b r a t i o n   o f  strwtureq legds 

t o  a cons ide ra t ion  of the  coupling  betweep  the  sound  pre$syre waves and 

t h e   i n d u c e d   v i b r a t i o n   o f   t h e   s t r u c t u r e .   I n  a similar fash ion ,   the  

con t ro l   o f   t he   i n t ens i fy   o f  sound emi t t ed  from a v i b r a t i n g  s t ructure  

r equ i r e s  a cons ide ra t ion  of the   coupl ing   be tween  the   v ibra t ion   of  the 

s t r u c t u r e  and the   i nduced   p re s su re   va r i a t ions   i n   t he   su r round ing  a i r .  

This  coupling  depends Qn t h e   r a d i a t i o n   r e s i s t a n c e  and can be 

cha rac t e r i zed  by a q u a n t i t y  p, t h e   r e s i s t a n c e   r a t i o ,   w h i c h  is a measure 

of t he  amount of power r a d i a t e d  from t h e   v i b r a t i n g  body a s  compared t o  

t h e   t o t a l  power d i s s ipa t ed   bo th  by r a d i a t i o n  t p  t he   su r round ing   f l u id  

and  by  mechanical   losses   within  the  s t ructure .   Figure 2.1 i l l u s t r a t e s  

t he  meaning of  t h e   r e s i s t a n c e   r a t i o   w i t h   r e f e r e n c e   t o   t h e  power d i s s i -  

p a t i o n   t h a t   o c c u r s   i n   t h e   s t e a d y - s t a t e   v i b r a t i o n   o f  a s t r u c t u r e .   S i n c e  

w .  i s  t h e   i n p u t  power, pW. i s  the   energy   d i ss ipa ted  t o  the  surreunding 

f l u i d ,  and (1-p)W. i s  the   ene rgy   d i s s ipa t ed   w i th in   t he   s t ruc tu re .   In  

o t h e r  words,  from t h e   d e f i n i t i o n  

1 1 

1 

p = w,/wo , 

where W i s  the   r ad ia t ed  power and W i s  t h e   r a d i a t e d  power p lus   t he  

power d i s s i p a t e d  i n  the   S t ruc tu re .  

r 0 

2 . 1  Radia t ion   Res is tgnce  

A more use fu l  form of   eqpat ion (2 .1)  can  be  developed i n  t e r n s  of 

t h e   r a d i a t i o n   r e s i s t a n c e ,  which i s  t h e   c e n t r a l   t o p i c   o f   t h i s  

s tudy.   For   general i ty   without   complexi ty ,   consider   the 

4 
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FIGURE 2.1 S C H E M A T I C   I L L U S T R A T I O N  OF E N E R G Y   F L O W   F O R   V I B R A -  

TING  STRUCTURE I N  C O N T A C T  WITH AN A C O U  S T 1  c 

M E D I U M  



or 

d x  2 dx S Fo i w t  

2 +2(wq , ,+ ,x  = - e  M > 

where 

(2.31 

The sg lu t iQn of equat ion  (2 .3)  i s  a complex q u a n t i t y   t h e  reel P a r t  Of 

which w i l l  h e r e a f t e r   b e   i n t e r p r e t e d  as be ing   phys i ca l ly   s ign i f i can t :  

t h e   s o l u t i o n  is  of   the  form  x( t )  = Ae where A i s  eva lua ted  as, 

A =  
S/M + $2[wnw - co2 

J 

or using  equat ion  (2 ,4)  

Fo i w t  -i e 
x ( t )  = 

W 

But R =. (R, + Rrad ) i s  t h e   t o t a l   r e S i s t a n c e ,  and X = (MU - ..J is  the  
S 

mechanical  reactance; so, the  impedance  can  be  writ ten as 

Z = 2 ei*, where Zmax = and 9 = t a n  
-1 x 

max Ti- 
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FIGURE 2.2 MATHEMATIC M O D E L  OF S INGLE-   DEGREE-  OF - F R E E   D O M  S Y S -  

T E M   W I T H   A C O U S T I C  DAMPING  INCLUDED 

-4 



E q u a t i o n   ( 2 . 7 )   i l l u s t r a t e s   t h a t   t h e   r a d i a t i o n   r e $ i s t a n c e   c o n t r a b u t e s  

t o   t h e  real  p a r t  of t h e   t p t a l   m e c h a n i c a l  impedance.  Vsing  equation 

(2 .7) ,   , eqha t ion  (2.6) c m  be wr i t ten  a s  

- i F  o i ( u t - 9 )  x ( t )  = -“ e 
max 

The ins tan taneous   input  power can now be   ca lcu la ted  by mul t ip ly ing   t he  

real  p a r t  of t h e  time d e r i v a t i v e  of equat ion  (2.8) by t h e  rea l  p a r t  of 

t he   exc i t i ng   fo rce ,  Fo cos ut. Hence, the  input power, averaged  over a n  

i n t e r v a l  of time cor responding   to   an   in tegra l  number of cyc le s  of t h e  

exc i t i ng   fo rce ,  i s  

I 

‘i T 
= - 1 Re(&(t)  ) FQ cos ut d t  . 

S u b s t i t u t i o n  and eva lua t ion   g ives ,  

bu t  

R cos 6 = - 
‘max 

so  t h a t  

Fo w i = ” -  . 
2 

‘max 

(2.10) 

The average power d i s s i p a t e d  by t h e   t o t a l   r e s i s t a n c e  i s  cpmputed i n  a 

s i m i l a r  manner  and i s  given by 



1 0  F2 R 

wi-2,2 
- (2.11) 

wh i l e   t he   ave rage  power d i s s i p a t e d   t h r o u g h   t h e   r a d i a t i o n   r e s i s t a n c e  

term, alone, i s  

1 o r ad  F L  P 
r T r  w =  

0 rnax 

Equation (2.1) can now b e   w r i t t e n  

(2.12) 

Thus, t h e   n e c e s e i t y   f o r  knowledge  about R i n  Order t q  dqtermine ~.r ie 

demonstrated. 

rad  

2 . 2  Appl ica t ions  of Radia t ion   Res is tance  

The r a d i a t i o n   r e s i s t a n c e  and t h e   r e s i s t a n c e   r a t i o   h a v e   g r e a t e r  

va lue   than   s imply   tha t  of i n d i c a t i n g   t h e   r a t i o  of  r ad ia t ed  power t o  

t o t a l   d i s s i p a t e d  power.  Knowledge o f  IL i s  n e c e s s a r y   i n   e s t a b l i s h i n g  

a quan t i t a t ive   r e l a t ignsh ip   be tween   t he   v ib ra t ion  of a s t r u c t u r e  and 

a s soc ia t ed   acous t i c   v ib ra t ion .  I n  r e l a t i n g   s t r u c t u r a l   v i b r a t i o n   w i t h  

a c o u a t i c   p r e s s u r e   e x c i t a t i o n ,   t h e   r a t i o  of t h e   a c c e l e r a t i p n  power 

s p e c t r a l   d e n s i t y   t o   t h e   p r e s s u r e   s p e c t r a l   d e n s i t y  wag presented  by 

Lyon and  Maidanik  (1962) , Smith  (1962),  and  Maidanik  (1962) as 

( 2 . 1 4 )  

where S (a) i s  t h e   a c c e l e r a t i o n   s p e c t r a l   d e n s i t y ,  S (0) i s  t h e  a P 
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p r e s s u r e   s p e c t r a l   d e n s i t y ,  r(w) = [ 2 ~ r  nS(u)/M]  (co/po)  gnd p(w) is, of 

c o u r s e ,   t h e   r e s i s t a n c e   r a t i o .  The  symbols,  ns(u), M, -co, and po 

2 

r e p r e s e n t   t h e  modal d e n s i t y  of the s t r u c t u r e ,   t h e  lumped mass of the  

system,  the  speed Qf sound i n   t h e   a c o u s t i c  medium, and  the  ambient 

dens i ty   o f   t he   acous t i c  medium respec t ive ly .  The r a d i a t i Q n   r e s i s t a n c e  

and r(u) l ikewise   p l ay  a key r o l e   i n   u s a g e   o f   t h i s  method of v i b r a t i o n  

ana lys i s .   Deta i led   examinat ion  of equat ion   (2 .14)   ind ica tes   tha t  

knowledge  about  ei ther S o r  S c a n   b e   t r a n s l a t e d   i n t o  knowledge  about 

t he   o the r   p rov ided  r(u) and p(o) can be  determined. 

8 P 

The quant i ty ,  r(u), depends on t h e   v a r i a b l e s ,  co, po, M, gnd 

ns(u) ,   the  modal d e n s i t y  of  t h e   s t r u c t u r e .  The modal d e n s l t y  af  

s t r u c t u r e s   h a s  been s tud ied  by a number of  i n v e s t i g a t o r s ,   i n c l u d i n g  

Heckl,  1962;  Bolotin,  1963;  Smith  and Lyon, 1965.; Miller and  Hart, 

1967; Hart  and Desai, 1967;'  and Miller, 1969.  Hence, i t  i s  p o s s i b l e  

to   determine r(u) except  i n  v e r y   s p e c i a l   c a s e s .  

The q u a n t i t y  p(u) can be d e t e r m i n e d   e a s i l y   i f  R can  be  computed 

a n a l y t i c a l l y .  The mechanica l   res i s tance ,  Rm, can  be  determined  experi-  

menta l ly  by measuring the r e v e r b e r a t i o n  time, o f   t h e   s t r u c t u r e  (see 

Morse,  1948;  Hueter  and Bolt, 1955; K ins l e r  and  Frey,  1962; apd Morse 

rad  

TS 

end  Ingard,  1968). 

I f  Rrad i s  no t  known a n a l y t i c a l l y ,   t h e n   t h e  unknown spectral 

d e n s i t y  (S o r  S ) must  be  experimentally  determined.  Experimental  

de te rmina t ion  of s p e c c r a l   d e n s i t i e s  is  n e i t h e r  as s imple  nor  4e 

a P 
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inexpeas ive   to   per form  as  i s  determinat ion of t h e   q v e r b e r a t i o n  time. 

T h e r e f o r e ,   t h e   a b i l i t y   t o   p r e d i c t  Rrad a n a l y t i c a l l y  is of   considerable  

va lue .  

Eqvations (2.2) and (2,12) i nd ica t e ,  o f  cgurse ,   tha t  .$he r a d i a t i o n  

r e s i s t a n c e  is r e q u i r e d   i n   o r d e r  t o  inc lude   acous t i c  damping fo rce  terms 

i n   t he   equa t ions   o f   mo t ion  of a s t r u c t u r e  and t o   c a l c u l a t e   t h e  total 

a c o u s t i c  power r a d i a t e d  by a s t ruc tu re ,   r e spec t ive ly .  The r a d i a t i o n  

r e s i s t a n c e  ts a l so   u sed  i n  the   s tudy  of random v i b r a t i o n  of a S t r u c t u r e  

i n   c o n t a c t  with a f l u i d .  Appendix 10.1 provides  e d e t a i l e d   a p a l y e i e  of  

a r a n d o m l y   e x c i t e d   r i g i d   p i s t o n   i n   a n   i n f i n i t e   b a f f l e  @e an i , l lus t ra ,  

t i o n  of t h i a   t y p e  of app l i ca t ion .  



3. REVIEW OF LITERATURE 

The r a d i a t i o n   r e s i s t a n c e  of c y l i n d r i c a l   s h e l l s   h a s  not been 

s t u d i e d   i n   e i t h e r   g r e a t   d e p t h  o r  wi th   b road   gene ra l i t y .   In   f ac t ,   t he  

need t o  do so i n   r e l a t i o n s h i p   t o   a c o u s t i c s   p r o b l e m s   i n  a i r  has   oqly 

r ecen t ly   ma te r i a l i zed   i n   con junc t ion   w i th   t he  develQpment of s ta t i s t i -  

cal  energy  methods of v i b r a t i o n   a n a l y s i s  (Lyon  end  Maidanik, 1962; 

Smith, 1962; Maidanik, 1962; and  Ungar, 1966). 

P r i o r   t o   t h i s  time, work in t h e   a r e a  was done  because p f  

i n t e r e s t s   i n   u n d e r w a t e r   v i b r a t i o n s  and  sound  transmission,  and  became 

o f   i n t e r e s t s  i n  transdvcer  and wave guide   des ign ,  Morse (1948) conT 

sidered  the  problem  of  a l o n g   c y l i n d r i c a l   s h e l l   v i b r a t i n g   w i t h   u n i f o r m  

s u r f a c e   v e l o c i t y ,  and   genera ted   an   express ion   for   the   to ta l  power 

r a d i a t e d   p e r   u n i t  of length .  He a lso   deve loped   express ions  for the 

power r ad ia t ed  from a long  element of a long  cyl inder ,   and g l s o , f o r  a 

c y l i n d e r   v i b r a t i n g   w i t h  a ve loc i ty   wh ich  i s  a func t ion   o f   po la r   ang le  

only.  The r a d i a t i o n   r e s i s t a n c e   c a n   b e   r e a d i l y   c a l c u l a t e d   u s i n g   t h i s  

information, b u t  the r e s u l t s   i n   e a c h   c a s e  depend upon an asaumed 

v e l o c i t y   d i s t r i b u t i o n   o v e r   t h e   s u r f a c e   o f   t h e   s h e l l .  

Junger   (1952a)   developed  acoust ic   res is tance  and  reactqnce  ra t ios  

f o r   p a r t i a l  waves emit ted by l o n g   a y l i n d r i c a l   s o u r c e s  whose  dynamic 

conf igu ra t ion  i s  e x p r e s s i b l e  by a n   i n f i n i t e  series which i s  a func t ion  

of   po lar   angle   on ly .  The r e s i s t a n c e  and r e a c t a n c e   r a t i o s  were subse- 

quent ly  employed to  defermine  the  sound power r ad ia t ed .  The r e s u l t s   o f  

Junge r ' s  work d i f f e r  from those  of  Morse (1948) b a s i c a l l y  i n  t h e  added 

g e n e r a l i t y  of t h e   m o t i o n a l   b e h a v i o r   o f   t h e   c y l i n d r i c a l   s h e l l  as a 
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func t ion   of  the polar  angle.   Although the pronounced  purpose  of 

Juqger ' s  work i n   t h i s   c a s e  was t o   s t u d y  ths na tura l   f requencies   and  

fo rced   v ib ra t ions  o f  sybmerged s h e l l s ,   t h e   g e n e r a l   c h a r a c t e r   o f  the 

mathematical   problem  formulat ioq  has   bear ing  on  this   research.  

Later,   Junger  ( i952b)  published work d e a l i n g   w t t h   t h e   v i b r a t i o n  

of a t h i n  elastic c y l i n d r i c a l   s h e l l   f r e e l y   s u s p e n d e d   i n  a compressible 

f l u i d  medium. The  problem was analyzed  by meanq o f   t h e   c l a s s i c a l  

methods  of   vibrat ion  theory  employing  the  Lagrange  equat ions  for  the 

sys t em  wi th   t he   f l u id   r eac t ion   be ing   i n t roduced   i n  terns of genera l ized  

forces .  The f a c t   t h a t   t h e   n o r m a l  she l l  d e f l e c t i o n  i e  equal  t o  the 

normal   f lu id-par t ic le   d i sp lacement  a t  t h e   s h e l l - f l u i d   i n t e r f a c e   a l l o t r e  

d e f e m i n a t i o n   o f  the r a d i a l  and t a n g e n t i a l   d e f l e c t i o n s  of t h e   e h e l l  as 

well as t o t a l  r ad ia t ed  power. The formulaf ion   and   so lu t ion  of t h l e  

par t icu lar   p roblem  as   opposed   to   tha t  of the  previous  qne  (Junger,  

1952a) d i f f e r s   i n   t h a t   t h e   s p e c i f i c   i n f l u e n c e  of s h e l l  gegmetry  and 

ma te r i a l   p rope r t i e s   a r e   i nc luded .  Hence, the   cor re la t ion   be tween 

theory and p h y s i c a l   s i t u a t i o n  i s  b e t t e r .  The Lagrange  method  of 

a t tacking  the  problem w i l l  not  be used i n   t h i s  work but   fwmulat ion  of  

the  problem i n  such a manner as to   inc lude   ehe l l   gepmetry   and   mgter l s l  

parameters w i l l  be d e s i r a b l e .  

All previous work has   considered  the  cage  of   motional   behwior  of 

the c y l i n d r i c a l   s h e l l   b e i n g  a funat ion  sf   only  polar   angle .   Junger  

(1953) broadeped  the  problem by cons ide r ing   t he   ca se   o f   an   i n f in i t e  

s h e l l  which exh ib i t ed  a dynamic c o n f i g u r a t i o n   p a r i g d i c   i n   b o t h   p o l a r  

angle   and   the   ax ia l   coord ina te .  The addi t iona l   degree   o f   complexi ty  

considered  exposes   the phenomenon  of a l l  axial-coordinate-dependent 
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modes being  non-radi.ating  below cer ta in  t l cu t -o f f ' t   f r equenc ie s .   In  

o the r   ma t t e r s ,   t h i s   pa r t ;  o f  Junger 's  work  compares d i r e c t l y   w i t h  some 

o f   h i s  earlier gf for t s   ( Junger ,   1952a) .  

Fu r the r  work w i t h   t h e   v i b r a t i o n   o f   a n   i n f i n i t e l y   l o n g   c y l i p d r i c a l  

s h e l l   i n   c o n t a c t   w i t h   a n   a c o u s t i c  medium was done by Bleich and  Baron 

(1954).   Their work  amounted t o  a s imul taneous   so lu t ion   of   the  wave 

equat ion  and appropr i a t e   equa t ions   desc r ib ing   t he   mo t iona l   behav io r  of 

t h e   s h e l l .  The approach  used by Bleich  and Baron d i f f e r s  from  Junger 

(1953) i n   t h e  manner i n  wh ich   t he   she l l  i s  handled.  Altho.ugh  the 

dynamic conf igu ra t ion  of t he  s h e l l  i n   b o t h   c a s e s  i s  a func t ion  of p o l a r  

ang le   and   t he   ax ia l   coo rd ina te ,   B le i ch  and  Baron use  the  invacuo modes 

of v i b r a t i o n  of the she l l  a s   gene ra l i zed   coord ina te s .   Th i s   f ea tu re  of 

t he   ana lys i s ,   a s  well  as   the   use  of  s i m u l t a n e o u s   d i f f e r e n t i a l   e q u q t i o n s  

to   desc r ibe   t he   sys t em,   y i e lds  a solut ion  containing  general   emphasis  

on the s t ruc tu ra l   r e sponse   o f   t he   she l l ,   wh i l e   t he  work of  Junger 

(1953) d i sc losed   t he   p rope r t i e s   o f   t he   acous t i c   f i e ld   bu t   d id   no t   pe r -  

m i t  de te rmina t ion   of   the   response   o f   the   she l l   wi thout   fur ther   ana lys i s .  

Kolot ikhina (1957) cons ide r s   a l so   t he   p rob lem  o f   an   i n f in i t e  

c y l i n d r i c a l   s h e l l   i n   c o n t a c t   w i t h   a n   i d e a l   c o m p r e s s i b l e   f l u i d ,   I n   t h i s  

s tudy   the   mot iona l   behavior   o f   the   she l l  i s  independent of the  p o l a r  

ang le   bu t  i s  p e r i o d i c   w i t h   r e s p e c t   t o   t h e   a x i a l   c o o r d i n a t e .  The par-  

t i a l  d i f f e ren t i a l   equa t ion   wh ich   desc r ibes   t he   r ad ia l   mo t ion  of t he  

s h e l l  was developed by  combining the   t h ree   u sua l   equa t ions   fo r   r ad ia l ,  

t angen t i a l ,  and ax ia l   mot ion .  The r e s u l t i n g   e q u a t i o n   i n   t h e   r a d i a l  

displacement was SQlved  s imultaneously  with  the wave equat ion  i n  the  

a c o u s t i c  medium and  represented by a n   i n f i n i t e  series. The phys ica l  
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characterist ics o f   t h e   s o l u t i o n  compare, of   course,   wi th   those of 

Junger  (1953) and  Bleich  and  Baron (1954). 

Previous work h a s   b e e n   r e s t r i c t e d   t o   t h e   c a s e   o f   t h i n   c y l i n d r i c a l  

s h e l l s ;  however,  Greenspon (1961) cons idered   the  same problem  but 

employed t h r e e   d i m e n s i o n a l   e l a s t i c i t y   t h e o r y   f o r   t h e   s h e l l .  The re- 

s u l t s  of t h e   t h i c k   e h e l l   a p p r o a c h  were compared t o   t h i n   s h e l l   r e s u l t s  

and i t  was no ted   t ha t  the t h i n  she l l  (approximate)  theory  gave  excel-  

l e n t   r e s u l t s  as l o n g   a s   t h e   r a t i o   o f   i n s i d e   t o   o u t s i d e   r a d i u s  was 0 .9  

o r   g r e a t e r .  Both the   na tu ra l   f r equency  and rad ia l   d i sp lacement  were 

a l s o   g i v e n   a c c u r a t e l y  by t h e   t h i n   s h e l l  method f o r  t h i s   g e n e r a l   r a d i u s  

r a t i o ,   b u t   f o r  smaller v a l u e s   o f   t h e   r a t i o ,   f i r s t   t h e   d i s p l a c e m e n t ,  

t h e n   t h e   n a t u r a l   f r e q u e n c y   p r o v e d   t o   b e   i n   s i g n i f i c a n t   e r r o r .  

The f i n i t e   c y l i n d e r   p r o b l e m  and i t s  base i n  t h e   l i t e r a t u r e  will be 

mentioned  here  although its r e l a t i o n s h i p   t o   t h e   r e s e a r c h   r e p o r t e d   h e r e -  

i n  is i n d i r e c t   r a t h e r   t h a n   d i r e c t .  Manning  and  Maidanik (1964) 

developed a t h e o r e t i c a l  method f o r   e s t i m a t i n g   t h e   r a d i a t i o n   e f f i c i e n c y  

of a c y l i n d r i c a l   s h e l l ,  The r a d i a t i o n   e f f i c i e n c y  was es t imated  by 

u t i l i z ing   s imple   phys ica l   a rguments   based   on   cons idera t ion6  of t h e  

shape  bf   typical   modal   pat terns .  The modes o f   t he   cy l inde r  were 

divided  into  groups  according  to   the  magni tude  of   the  bending-wave 

speed   and   the   phase   speeds   in   the   d i rec t ions  of the   pane l   edges  a8 

compared to   t he   speed   o f   sound   i n   t he   su r round ing   f l u id .  Then modal 

r a d i a t i o n   e f f i c i e n c i e s  were es t imated   for   each   group by examining  the 

volume-veloci ty   cancel la t ion  between  adjacent  cells  of the modal 

v i b r a t i o n   p a t t e r n .   A l t h o u g h   t h e   p r o c e d u r e   i n v o l v e d   i n   u t i l i z i n g   t h i s  
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technique i s  complex, t he   compar i son   o f   t heo re t i ca l   r e su l t s  and. exper i -  

ment was r e p o r t e d   t o   i n d i c a t e  good c o r r e l a t i g n .  

A more r igo rous   ana lys i s  was c a r r i e d  o u t  o n   t h e   f i n i t e   c y l i n d e r  

problem by Williams et a l .  (1964). The technique employed was a 

numerical   one  that  employed a l e a s t - s q u a r e s   f i n i t e  series approximation 

o f   a n   i n f i n i t e  series expansion  of  boundary  conditions.  Expressions 

for   the   fa r - f ie ld   p ressure   and   the   rad ia t ion   res i s tance   were   deve loped .  

Sherman  and Moran (1966) a l s o  examined the  problem  from  this  point of 

view, b u t   t h e i r  work  extended  previous  effor t  by developing a l Q w  

frequency  approximation and by performing a more extensive  computer 

ana lys i s .  A v a r i e t y  of   boundary  condi t ions  and  cyl inder   height   to  

d i a m e t e r   r a t i o s   a s  well as   both  uniform and p a r a b o l i c   v e l o c i t y   d i s t r i -  

bu t ions   on   the   ends   o f   the   cy l inder  were examined. 

" 

The p h y s i c a l   s i t u a t i o n   o f  a l o n g   c y l i n d r i c a l   s h e l l  i n  con tac t   w i th  

an  ideal   compressible   f luid  has   been  apalyzed  f rom  several   points-of-  

v i e w   u t i l i z i n g  several t echn iques .   In   t h i s   s tudy ,   t he   she l l - acQus t i c  

medium system i s  modeled  mathematically  in terms of  simultaneous 

d i f f e ren t i a l   equa t ions - -one   desc r ib ing   t he   mo t ion   o f   t he   she l l  and t h e  

o ther ,   the   mot ion   of   the   f lu id .  The s o l u t i o n  i s  obtained by employiqg 

separation-of-variables  methods.  The r e s u l t s   a r e  used t o   o b t a i n   t h e  

power r ad ia t ed  and t h e   r a d i a t i o n   r e s i s t a n c e .  The va lue  and o r i g i n a l i t y  

i n h e r e n t   i n   t h i s   a p p r o a c h  i s  t h e   r i g o r  and  conciseness  of  the  mathe- 

matical   problem  formulation  as well a s   t h a t   t h e   r e s u l t   e x h i b i t s   c l e a r l y  

t h e   r e l a t i v e   i m p o r t a n c e   o f   s h e l l   m a t e r i a l   p r o p e r t i e s  compared t o  

acoustic-medium  properties.  The r e s u l t i n g   e x p r e s s i o n s   f o r   t h e  
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radiation  resistance  are,   therefore,  not  only more rilgorously  developed, 

but  are more general  than  previous  work-aleo. 
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4 .  ANALYTICAL DEVELOPMENT 

The problem  of an i n f i n i t e   c y l i s d r i c a l   s h e l l  i n  c o n t a c t  with art 

i dea l   compress ib l e   acous t i c  mecitun i s  examined. The mathematical  

formulat ion o f  the  problem  consists of o n e   d i f f e r e n t i a l   e q u a t i o n  

descr ib ing   the   behavior  of  t h e   c y l i n d r i c a l   s h e l l  and  another   equat ion 

descr ib ing   the   behavior   o f   the   acous t ic  medium. These two d i f f e r e n t i a l  

equa t ions   a r e   so lved   s imul t aneous ly   sub jec t  t o  a compatibi l i ty   boundary 

c o n d i t i o n   a t   t h e   s h e l l - a c o u s t i c  medium i n t e r f a c e  and  another   condi t ion 

a t   t h e  boundary a t   l a r g e   d i s t a n c e s  from t h e   s u r f a c e   o f   t h e   s h e l l ,  The 

s o l u t i o n  of these   equat ions  i s  employed t o  compute t h e   t o t a l   r a d i a t e d  

power which i s  used t o  de t e rmine   t he   r ad ia t ion   r e s i s t ance .  The de- 

t a i l e d   d e s c r i p t i o n  of t h e   a n a l y t i c a l   s o l u t i o n   o f  t h i s  problem is  

d iv ided   i n to  a sec t ion   for   the   equat ions   o f   mot ion   of   the   she l l ,  a 

s e c t i o n   f o r   t h e  wave e q u a t i o n   i n   t h e   a c o u s t i c  medium and a s e c t i o n   f o r  

t h e   d e t a i l e d   s o l u t i o n  of these e q u a t i o n s   i n   t h e  two cases  of mode 

shapes   tha t   a re   cons idered .  The f i r s t  o f   t hese   dea l s   w i th   t he   desc r ip -  

t i v e   e q u a t i o n s   f o r   t h e   s h e l l .  

4 . 1  Equat ions  of   Motion  for   the  Cyl indrical   Shel l  

Any p o i n t  on t h e   s u r f a c e  of t he   cy l inde r  w i l l  v f b r a t e  upon e x c i t a -  

t ion  with  an  ampli tude  which  has   components   that   are   radial ,   axial ,  and 

t a n g e n t i a l   t o   t h e   s u r f a c e  a t  t h e   p o i n t   o f   i n t e r e s t .  The r a d i a l   v i b r a -  

t i ons   co r re spond ,   i n  a manner  analogous t o   t h e   t r a n s v e r s e   v i b r a t i o n s   o f  

beams, t o  a predominstely  bending  or   f lexing  act ion.  The energy asso- 

c ia t ed   w i th   such   f l exure  i s  d i r e c t l y   r e p r e s e n t a b l e   i n  terms of   the 

mean-square r a d i a l   v e l o c i t y  of t he   s t ruc tu re   su r f ace ;   hence ,   t he re  i s  a 
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d i rec t   l i nk   be tween   t he   bend ing   v ib ra t ions  of  a s t r u c t u r e  and the  

radiated  energy.  The a x i a l  and t a n g e n t i a l   v i b r a t i o n s  are p r i n c i p a l l y  

due to   ex tens iona l   deformat ion .  The energy  due  to  these  components 

of v i b r a t i o n  i s  r e p r e s e n t e d   i n  terms o f   a x i a l  qnd t a n g e n t i a l   v e l o c i t y  

components   which  t ransmit   energy  to   the  surrounding  f luid by  means of 

a shea r ing   ac t ion   i n s t ead   o f  by  means o f  compression  and  rarefact ion as 

is t he   ca se  for bending   v ibra t ion ,   For   th i . s   inves t iga t ion ,  i t  w i l l  be  

assumed t h a t   t h e   a c o u s t i c  medium is a p e r f e c t  gas wi th  a v i s c o s i t y   o f  

ze ro ,   hence   t he   con t r ibu t iw   o f   t he   shea r  waves i n  t ransmi t t ing   energy  

away from the   cy l inde r  w i l l  be  zero. I n  t r u t h  some smal l  qmount Qf 

energy is r a d i a t e d  t 0  t h e   f l u i d  by means of shea r  waves, bu t  i t  i s  

n e g l i g i b l e  compared t o   t h e  amount r ad ia t ed  by compression-rarefact ion 

waves 

The equat ions of  motion f w  t h e   f l e x u r a l   v i b r a t i o n  of  t h e   s h e l l  

w i l l  be  developed  for two types  of mode s h a p e s .   I n   t h e   f i r s t   c a s e ,   t h e  

mode shape i s  d e s c r i b e d   i n  terms of   the   ax ia l   coord ina te ,   z ,   on ly  and 

w i l l  h e r e a f t e r   b e  termed  an  axisymmetrical mode, whi le   in   the   second 

case ,   the  mode shape is desc r ibed   i n   t e rms  of the   po lar   angle ,  0, only 

and w i l l  hereaf ter   be   termed a loba r  mode. F igure  4 .1  i l l u s t r a t e s   a n  

e l emen t   o f   t he   cy l ind r i ca l   she l l ,   t he   cy l ind r i ca l   coo rd ina te   sys t em  to  

be  employed i n   t h e  problem  and t h e  u, v, and w components  of t h e   d i s -  

p lacement   o f   the   she l l   sur face  a t  g gene ra l   po in t  of t ha t   su r f ace ,  a, 

8, z. According t o  Vlasov (1949), t h e   g e n e r a l   d i f f e r e n t i a l   e q u a t i o n s  

r e l a t i n g   t h e   d i s p l a c e m e n t s   t o   t h e   l i k e  components of  t he   app l i ed   fo rce8  

are: 
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FIGURE 4.1 THE  COORDINATE  SYSTEM AND DISPLACE-  

MENT  COMPONENTS AT A POINT ON AN 

ELEMENT OF T H E   C Y L I N D R I C A L   S H E L L  



(4 .  la )  

and 

(4.1 c) 

where = - z a '  $ = e ,  and c2 = h2/(  12a2) . 

The pr incipal   hypotheses   involved  in   the  development   of   these  equat ions 

are  t h a t  a s t r a igh t - l i ne   e l emen t  of t h e   s h e l l  normal t o  the  middle  

surface  remains a s t r a i g h t   l i n e  and  normal t o   t h e   s u r f a c e   a f t e r   d e f o n n a -  

t i o n  and r e t a i n s  i t s  l eng th ,   and   t ha t   t he   ma te r i a l  of t h e   s h e l l  is  

i s o t r o p i c  and  obeys  Hooke's e l a s t i c  law. Note t h a t  FU, Fv, and F are  

components of tbe ex te rna l   gu r face   l oad .   Fo r   t he   s i t ua t ion   o f  tho 

v i b r a t i n g   c y l i n d e r  i n  c o n t a c t   w i t h   a n   I d e a l   a c o u s t i c  medium, FU  and Fv 

a re  i n e r t i a   f o r c e s   w h i l e  F i s  a n i n e r t i a f o r c e   p l u s  a r e s i s t i n g   f o r c e  

due   to   the   p resence  of t h e   a c o u s t i c  medium. Since  the  concern  of   the 

work w i l l  b e   t h e   p a r t i c u l a r s  of s h e l l  - a c o u s t i c  medium i n t e r a c t i o n ,  

equat ion  (4. IC)  w i l l  be  employed as the   "pr inc ipa l"   equa t ion .  In o t h e r  

W 

W 
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words, t h e   f l e x u r a l   v i b r a t i o n  is  c h i e f l y   r e s p o n s i b l e   f o r  the a c o u s t i c  

v ibra t ion ,   hence   equat ions   (4 .  la) and  (4. lb) w i l l  be   i nco rpora t ed   i n to  

( 4 . 1 ~ )   i n   o r d e r   t o   d e s c r i b e   t h e   s h e l l - a c o u s t i c  medium problem bn t e q s  

of w, the   rad ig l   d i sp lacement .   Equat ions   (4 .1)   can   be   fur ther   s impl i -  

f i e d   f o r   t h i n   s h e l l s   t o   g i v e  (Vlasov,  1949,  p.  360) 

and 

a U + a v  2 2 2 (1 -v  1 2 2 

vz 3 + c  v v w + w =  Eh a Fw . 

(4.2a) 

(4.2b) 

Equations  (4.2) a re  der ived  from (4.1)   based  on  the  hypothesiq  that  

t h i n   s h e l l s  are cha rac t e r i zed  by a maximum v a l u e   o f   t h e   r a t i o  h/a  which 

can be neglec ted   in   compar ison   to   un i ty .  A t  l eas t  one  author, 

Novozhi lov  (1964) ,   in terprets   this   to  mean 

h 1 
a 5 2 0  

I n  any  case,   for h/a much less than   one ,   cer ta in  terms i n  equat ions  

(4 .1 )   i nvo lv ing   t he   coe f f i c i en t   c2   can   be   neg lec t ed  t o  y i e ld   equa t ions  

(4.2).   These  equations  (4.2) w i l l  ROW be   s impl i f i ed  and  combined f o r  

axisymmetric  and  lobar mode shapes.  
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w i l l  a lso  be  zero;   hence, ,   equat ions ( 4 . 2 )  become 

a2u + v E = - - a F U ,  a w  (1-v2) 2 

aolz 
and 

(4.343) 

( 4 . 3 b )  

By d i f f e r e n t i a t i n g   e q u a t i o n  (4.3b) w i t h   r e s p e c t   t o  a and eube t%tu t ing  

equat ion ( 4 . 3 a ) ,  t h e  resu l t  is 

For  the  purposes   of   this   e tudy,   the  iner t ia  f o r c e  term invcllvtng  FU 

w i l l  be   neg lec t ed   i n   compar i son   t o   o the r  terms of   equat ion ( 4 . 4 ) ,  

s i n c e  FU is d i r e c t l y   p r o p o r t i o n a l   t o   t h e   a x i a l   d e f l e c t i o n ,  u, af  any 

given  frequency and u is of   negl ig ib le   magni tude  compared t o   t h e   r a d i a l  

d e f l e c t i o n ,  w, In t eg re t ing   equq t ion  ( 4 . 4 )  with r e s p e c t   t o  a and Fe- 

ar ranging   g ives  

The q u a n t i t y  Fw, t h e   e x t e r n a l   r a d i a l   s u r f a c e   l o a d ,  w i l l  be   considered 

t o   b e  composed o f   t h ree  components: t h e   f i r s t  is t h e   i n e r t i a   f o r c e s ,  

the  second is the gcoue t i c   r ee i s t iqe   fo rces ,   and   t he   t h i rd  i e  t h e  
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app l i ed   su r f ace   l oad ,  q, which is due   t o  a s o u r c e   w i t h i n   t h e   c y l i n d e r  

and w i l l  be   cons idered   to   be  a func t ion  of both t i m e ,  t ,  and t h e   a x i a l  

coordinate ,  a. The forces   due  fo the   p resence  of t h e   a c o u s t i c  medium 

w i l l  be  expressed ip $ems bf a n   a c o u s t i c   v e l o c i t y   p o t e n t i a l ,  @. Tn 
t h i s   c a s e ,   t h e r e f o r e ,  

Combining equat ion  ( 4 . 6 )  with   equat ion  (4.5) a.nd d iv id ing  by m gives  

the   des i r ed  r e su l t .  

S 

2 
q(a, t) + 

as - [x ( r , w l r = a '  w] = m m (4.7) 
S S 

Equation ( 4 . 7 )  i s  an  equation  of  motion f o r  t h e   s h e l l  i n  terms of the  

rad ia l   d i sp lacement ,  w, alone.  This  equatiOn w i l l  be  employed t o  

comple te ly   descr ibe   the   cy l indr ica l   she l l   fo r   ax isymmetr ica l  mode 

shapes,  and w i l l  be solved  s imultaneously  with  the wave equa t ion   t o  

ob ta in   t he   des i r ed   expres s ions   fo r   t he   r ad ia t ion   r e s i s t ance .  

4.1 .2  Lobar Mode Shapes 

This mode shape i s  cha rac t e r i zed  by t h e   f a c t   t h a t   t h e   a x i a l  

d i sp l acemen t   o f   t he   she l l   su r f ace  is  z e r o   a t   a l l   p o i n t s ,  and the  n 

o r d e r   p a r t i a l   d e r i v a t i v e s   o f   a n y   q u a n t i t y   w i t h   r e s p e c t   t o  (2 w i l l  a l s o  

be zero;  hence  equations  (4.2) become 

t h  

(4.8a) 
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and 

(4 .8b)  

D i f f e r e n t i a t i n g   e q u a t i o n  .(4.8b) w i t h   r e s p e c t   t o  p and s u b s t i t u t i n g  

equat ion  (4 .8a)   gives  

(1-v2) 2 + 2 a5w ( 1 4 2 )  
aF 

- T a F V  2 = Eh a 2 +  . (4.9) 

The term involv ing  Fv is a n  ine r t i a  force   t e rm  due   to   the   t aqgent ia l  

motion of t h e   s u r f a c e  of t h e   s h e l l .  Compared t o   t h e   o t h e r  terms of 

equat ion  ( 4 . 9 ) ,  t h e  t e q  involv ing  Fv ts smell end can be  neglected,  

s i n c e  F i s  d i r e c t l y   p r o p o r t i o n a l  t q  t h e   t a n g e n t i a l   d e f l e c t i o n ,  v, a t  

any  given  frequency  and v i s  of   negl ig ib le   magni tude  compared t o   t h e  

r a d i a l   d e f l e c t i o n ,  w. By i n t e g r a t i n g   t h e   r e s u l t i n g   e q u a t i o n   w i t h  

r e s p e c t   t o  p equat ion  (4.10) r e e u l t s :  

.~ 

V 

(4.10) 

For   th i s   case ,   the   ex te rna l   load ,  Fw, w i l l  be   cons idered   to   be  composed 

af a component  due t o   t h e   i n e r t i a   f o r c e s ,  one  due  to   the  acpust ic  

r e s i s t i n g   f o r c e s ,  and  one  due t o  the appl ied   sur face   load ,  q, generated 

i n   t h e   i n t e r i o r   o f   t h e   c y l i n d r i c a l   s h e l l .  Hence 

(4.11) 

Combining equation  (4.11)  and  equation (4.10) y i e l d s  
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(4.12) 

Equation ( 4 . 1 2 )  i s  t h e   d e s i r e d   e q u a t i o n   o f   m o t i o n   f o r   t h e   s h e l l   i n   t h e  

case   o f   lobar  mode shapes.   This   equat ion  descr ibes   the  dynamic  behavior  

o f   t h e   c y l i n d r i c a l   s h e l l   i n  terms of t he   r ad ia l   d i sp l acemen t  of t h e  

s u r f a c e  and w i l l  be  solved  simultaneously  with  the wave equa t ion   t o  

ob ta in   t he   needed   expres s ions   fo r   t he   r ad ia t ion   r e s i s t ance .  

4 . 2  The Wave Equat ion   in   the   Acous t ic  Medium 

The d i f f e r e n t i a l   e q u a t i o n s   o f   m o t i o n   f o r   t h e   c y l i n d r i c a l  s h e l l  

were  developed i n   s e c t i o n  4.1.  Th i s   s ec t ion  w i i l  p r e s e n t  a b r i e f  

development  of  the wave equat ion  - t h e   d i f f e r e n t i a l   e q u a t i o n  of motion 

f o r   t h e   a c o u s t i c  medium. Several   sources  (Morse, 1948; Morse  and 

Feshbach, 1953; Kins le r  and  Frey, 1962; Rschevkin, 1963; Stephens  and 

Bate, 1966; Morse  and Ingard,  1968) develop   the   acous t ic  wave equat ion  

in   depth ;   hence ,   there  i s  no need fo r   any th ing   bu t   b r i e f   cove rage   o f  

that  development  here. 

The b a s i c   p r i n c i p l e s   c h a r a c t e r i z e d  by the   equat ion   of   cont inui ty ,  

t h e   e q u a t i o n   o f   s t a t e  of t h e   a c o u s t i c  medium, and the   equa t ion   fo r  

Newton's  Second Law a r e  cqmbined i n t o   t h e   s i n g l e   p a r t i a l   d l f f e r e n t i a l  

wave equat ion.  The hypo theses   i nhe ren t   i n   t he   de r iva t ion   o f   t he  

equat ion  are  f i r s t   t h a t   t h e   f l u c t u a t i o n s   o f   t h e   v a r i a b l e s   c h a r a c t e r i z -  

ing   the   sound  a re   smal l   such   tha t   on ly   l inear   var ia t ions   in   these   quan-  

t i t i e s  need  be  considered,  secondly  that   the  process  of  sound propaga- 

t i o n  i s  ad iaba t i c ,  and t h i r d l y   t h a t   t h e   a c o u s t i c  medium i s  an i n v i s c i d  

gas   obeying   the   per fec t   gas  law. 
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I 

The derivation  can  be  accomplished  applying  Newton's Second Law t o  

a "part ic le"   of   gas   which is t ransmi t t ing .a   sound wave. The presence 

of  the  sound wave es t ab l i shes   p re s su re   va r i a t ions   t h roughou t   t he   gas .  

The n e t   p r e s s u r e   g r a d i e n t   t e n d s   t o   a c c e l e r a t e   t h e   g a s   " p a r t i c l e "   i n  a 

di rec t ion   which  w i l l  n e u t r a l i z e   t h e   p r e s s u r e . d i f f e r e n c e s ,   t h e   r e s u l t i n g  

d e s c r i p t i v e   e q u a t i o n  i s  

grad p = -pou , -.+ 

where ii is  t h e   " p a r t i c l e "  

Applying  the  concept 

(4.13) 

acce le ra t ion .  

o f   con t inu i ty  of mass t o  a c o n t r o l  volume 

f i x e d   i n   s p a c e  re la t ive  t o  a passing  sound wave, a aecond  re la t ionship  

can  be  developed. The f low  of  mass across   the   boundar ies  of the   reg ion  

r ep reeen t s   t he   on ly  way i n  wh ich   t he   t o t a l  amount of mass w i t h i n   t h e  

region  can  change:  the time r a t e   o f  change  of mass w i t h i n   t h e   c o n t r o l  

volume w i l l  be equal  t o  the   ne t   f low  of  mas8 i n t o  o r  from t h e  volume. 

Hence 

The f l u i d   d e n s i t y  is, i n   g e n e r a l ,   d e f i n i t e l y  a func t ion   of   pos i t ion ,  

b u t  a g r e a t   s i m p l i f i c a t i o n   i n   t h e   m a t h e m a t i c s   c a n   b e   a c h i e v e d   a t  small 

expense i n   a c c u r a c y  by r ep resen t ing  p i n  terms of   the  qmbient   densi ty ,  

po; hence 

E aP = -po d i v ( 3  . (4.15) 

Employing the   equa t ion  of s t a t e  o f   t h e   f l u i d   g i v e s   i n f o r m a t i o n   f o r  

three e q u a t i o n s   i n   t h r e e  unknowns (p, 3, p). The pe r fec t   gas  law 
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u t i l i z e d   i n   c o n j y n c t i o n  with the  information  provided by t h e   a d i a b a t i c  

process   hypothes is   g ives  

where 

c 2  0 = P07/PO, and 7 = cp/cv - 

Combining equations  (4.13),   (4.15),   and  (4.16),   the wave equat ion  

results:  

(4.17) 

where v2 i s  a symbolic   operator  known as the   Lap lac i an   ope ra to r .   I n  

c y l i n d r i c a l   c o o r d i n a t e s  

For the   purposes  of t h i s   r e s e a r c h ,  i t  i s  conven ien t   t o  write equat ion  

(4.17) i n  terms of  t h e   v e l o c i t y   p o t e n t i a l ,  @. Thus the  wave equat ion  

becomes 

(4.18) 

and the   p re s su re  and t h e   r a d i a l   f l u i d   p a r t i c l e   v e l o c i t y  are then  given 

by (Morse  and  Ingard,  1968) 

(4.19) 



Hence t h e  wave equat ion  in  c y l i n d r i c a l   c o o r d i n a t e s  is known and w i l l  be 

solved  s imultaneously wiYh the equation  of  motion for t h e . s h e l 1 .  

4 . 3  Solution  for  Axisymmetric Mode Shapes 

Descr ip t ive   equat ions  were developed i n   t h e   p r e v l o u a   g e c t i o n s   f o r  

b o t h   t h e   c y l i n d r i c a l   s h e l l   a n d   t h e   a c o u s t i c  medium. Th i s   s ec t ion   i nd i -  

cates   the  boundary  condi t ions employed  apd the   so lu t ion   Qbta ined  for 

the   case  of   an  axlsymnetr ic  mode shape. 

Two boundary  condi,tions ere requi red   for   the   s lmul taneous   so lu t ion  

of equat ion (4.7) and the  wave e q u a t i o n   w r i t t e n   i n  terms crf the   ve loc-  

i t y   p o t e n t i a l ,  4 .  One a p p l i e s  at: r = a;   the   Condi t iQq  being  that  a t  

t h e   s h e l l - f l u i d   i n t e r f a c e ,  the, r a d i a l   v e l o c i t y   o f   t h e   s h e l l   s u r f a c e  is 

equa l   t o   $he   r ad ia l   ve loc i ty  of t h e   f l u i d   p a r t i c l e s   I n   c o n t q ~ t   w l t h   t h e  

s h e l l .  The o the r   boundary   cond i t ion   app l i e s   a t   l a rge   d i s t ances  from the 

s u r f a c e  of  t h e   s h e l l  as r approaches   i n f in i ty   where   t he   i n t en t  of the 

cond i t ion  i s  tha t   on ly   so lu t ions   o f   the   acous t ic  wave equation  which 

represent   ou tgoing  waves a re   admi t t ed  as p e r t i n e n t   i n   t h i s   c a s e .  The 

physical   implicat ions  of   the   las t   boundary  condi t ion  are   that  no r e f l e c -  

t i on   o r   o the r   phys i ca l   d i s tu rbance   occu r  9 t  the   fa r   boundar ies  of t he  

a c o u s t i c  medium. 

A t  t he   ehe l l - f lu id   i n t e r f ace ,   t he   boundary   cond i t ion   can  be 

expressed  mathematicel ly  as 

(4.20) 

and a t   l a r g e   d i s t a n c e s  from t h e   s u r f a c e  of t h e   c y l i n d r i c a l   s h e l l ,  
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f o r  k > 0, and r 

f o r  lir = i kr > 0, where  kr i s  t h e   s e p a r a t i o n   c o n s t a n t   t h a t   a p p e a r s   i n  

t h e   s e p a r a t e d   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n  i n  t h e   s p a c i a l   v a r i a b l e ,  

r. The  boundary condi t ion   expressed  i n  terms of  equgtion  (4.21)  and 

(4.22) i s  termed  the  radiat ion  condi t ion  and is  t r e a t e d   i n   d e t a ; l l   i n  

t h e   l i t e r a t u r e  by Sommerfeld (1949) .  

The so lu t ion   o f   equa t ions  (4.7)  and  (4.18)  subject  to  the  boundary 

conditions  (4.20),   (k.21),   and  (4.22) is  accomplished by u t i l i z i n g  

sepa ra t ion  of v a r i a b l e s ;  i .e . ,  l e t  
" 

@ ( r , a , t )  = R(r )G(a )T ' ( t )  . (4.23) 

Subs t i tu t ing   equat ion   (4 .23)   in to   equat ion   (4 .18)   and   for  4 + 0, d iv id -  

ing  by 6 y i e l d s  

(4.24) 

Breaking   th i s   equa t iqn  down i n t o   t h r e e   d i f f e r e n t i a l   e q u a t i o n s   i n   t h e  

t h r e e   v a r i a b l e s  r, a, and t y i e l d s  

(4.25a) 

(4.25b) 
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k r + k   = k  . 2 2 2  
z 

Equat ion  (4 .25a)   can  be  rewri t ten  as  

R" + - R '  + k R = 0 1 2 
r r 

which is  e a s i l y   r e c o g n i z a b l e  as a Bessel d i f f e r e n t i a l   e q u a t i o n .  

kr > 0 equat ion   (4 .27)   has   the   so lu t ion  

where H:') and H:2) a r e  Hankel 

of   order   one  respect ively.  In 

func t ions  of t he  f irst  end second 

the   ca se   such   t ha t  Er = i kr > 0, 

( 4 . 2 5 ~ )  

(4.26) 

(4.27) 

For 

(4.28) 

kind 

t h e  

s o l u t i o n  is  a g a i n   w r i t t e n   i n  terms of Hankel f u n c t i o n s   o f   t h e   f i r s t  

and  second  kind,  but  the  arguments  of  the  Hankel  functions are 

imag ina ry   r a the r   t han   r ea l   a s  is  the   case  in equat ion  (4 .28) .  Hence 

f o r  lir > 0 

R ( r )  = B (')H(') ( iEr r )  + B (2) H ( ~ )  0 (iE,r) . 

After   rearranging,   equat ion  (4 .25b)  becomes 

Gf'(a) + kza G(a) = 0 . 2 2  

The so lu t ion   t o   equa t ion   (4 .30 )  i s  a sinusoid;  hence,  

(4.29) 

(4.30) 

the  motion 

o f   t h e   s h e l l  i s  p e r i o d i c   i n   t h e   % d i r e c t i o n   a c c o r d i n g   t o  A s i n  nl[a a so n T 

G ( a )  = Gn(a) = An s i n  n rra 
T a  ' (4.31) 
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R '  (a) G(cz)T"(t) + E ~ [ R '  (a)  G"(a)T(t)] 

2 Eha2 [R'(a)G(a)T(t)]  = C Qn s i q z  wimt 1 

s n = l  +'  D L 

+ - R(s)  G(a) T"(t)  . PO 
m 
S 

Rearranging,   not ing  that  

and summing g ives  

Eha 2 + T]Gn(a)B'(a)T(t) = 1 C QnSin-- n rca i w t  
L a e  

s n=l  

(4.41) 

(4.42) 

Combining t h i s   r e s u l t   w i t h   e q u a t i o n   ( 4 . 3 4 )  and  dropping  the common 

summation s i g n   y i e l d s  

Po 2 2 nna 4  Eha Qn 2 
I - [R ' (a>  - R(a)]w + E [(TI + -]R'(a)) An - . - 

S 
D 

9 

( 4 . 4 3 )  

For   the   case  k > 0 and A a r ea l   cons t an t ,   R ( r )  = H ('1 (krr)  and r n 0 

(4.44) 
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(4.45) 

However H(') (x) = Jm(x) m 

expres s ion   i n to   equa t ion  

as J 

+ i Y,(x) consequen t ly   Qubs t i t u t ion  of t h i s  

(4.45) y i e l d s  a r e a l  and  an  imaginary  equation 

and 

Eha + .T]k Y (kra) )  An = 0 . r l  

( 4 . 4 6 )  

(4.47) 

Equation (4.46) g ives   t he   des i r ed   r e l a t ionsh ip  for An whi le   equa t ion  

(4.47) provides   in format ion   about   the   na tura l   f requencies   o f   the  

immersed she l l .   Equa t ion  ( 4 . 4 6 )  y i e l d s   a n   e x p r e s s i o n   f o r  An given by, 

where 
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Defining 

v 2  = 
n 

2 
‘n ~. 

Po Jo(kra) 

s k r l  r 
1 + -  m J (k  a)  

and r ewr i t i ng   equa t ion  ( 4 . 4 8 )  produces 

Consequent ly ,   the   ve loc i ty   po ten t ia l   can   be   wr i t ten   as  

(4.50) 

(4 .51)  

f o r   t h e   c a s e  of kr > 0. 

If k i s  imaginary  such  that  k = i k  > 0 , t h e   r e a l   c o n s t a n t  A r r r n 
can  be  determined  in   the same manner as f o r  k r e a l .  A d e t a i l e d  

de te rmina t ion  shows t h a t   f o r   t h i s   c a s e ,  

r 

@(r,Cx, t )  = 0 . (4.53) 

A t  t h i s   p o i n t ,   t h e   e q u a t i o n s  f o r  t h e   v e l o c i t y   p o t e n t i a l  w i l l  be 

w r i t t e n   i n   t e r m s  of a non,dimensional series. The purpose   for  dQing so  

be ing   t ha t   numer i ca l   eva lua t ion   o f   t he   r e su l t i ng   expres s ions  f o r  t he  

r a d i a t i o n   r e s i s t a n c e  is  d e s i r a b l e  and  worthwhile. Hence, the  series 

w i l l  be   expressed   in  terms of the  dimensionless   parameters :  
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UYI v a  n 
T = c ,  5 = - , and  xr = kra . 

0 cO 

In t roduct ion ,  as well, of t h e   n o t a t i o n  

(4.54) 

o r  

y ie lds   the   fo l lowing   d imens ionlese  series for t h e   v e l o c i t y   p o t q n t i a l ,  

@: 

(4.56) 

fo r   k r  > 0 and @ = 0 f o r  ir = i k r  > 0 . 
The ve loc i ty   po ten t ia l   has   thus   been   de te rmined .  The f i n a l   o b j e c -  

t ive  o f   c a l c u l a t i n g   t h e   r a d i a t i o n   r e s i s t a n c e   c a n  now be  undertaken. 

This task  can  be  approached  in  4 t  l e a s t  two d i f f e r e n t  ways. I n  t h e  

f i r s t   i n e t a n c e   t h e   p r e s s u r e   a c t i n g  on t h e   v i b r a t i n g   s u r f a c e  can be 

e v a l u a t e d ;   t h e   v e l o c i t y   d i s t r i b u t i o n   o f   t h e   v i b r a t i n g   s u r f g c e ,  

a sce r t a ined ;  and  from these two r e s u l t s   t h e   r a d i a t i o n  irppedance, Zr,  

determined. The r a d i a t i o n   r e s i s t a n c e  w i l l ,  of   course ,   be   the   rea l  

po r t ion   o f  Z r ,  A l t e r n a t i v e l y   t h e   a c o u s t i c   p r e s s u r e  in the   sur rounding  
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medium can  be  determined  and  that   pressure employed t o  f i n d   t h e  

r a d i a t e d  power, . Next, u t i l i z i n g   t h e   r e l a t i o n s h i p  between  the 

r ad ia t ed  power apd  the mean s q u a r e   s u r f a c e   v e l o c i t y  of $he v i b r a t i n g  

su r face ,   t he   r ad ia t ion   r e s i s t ance   can   be   de t e rmined  by c a l c u l a t i n g   t h e  

mean squa re   su r f ace   ve loc i ty ,  

"r 

The r e s u l t s  of t h e   f i r s t   t e c h n i q u e  i s  an   i n s t an taneous ,   l oca l  

r ad ia t ion   r e s i s t ance ,   wh i l e   t he   s econd   t echn ique   y i e lds  an average 

v a l u e   f o r   t h e   r a d i a t i o n   r e s i s t a n c e   b o t h   i n  time and s p a c i a l   c o o r d i n a t e $ .  

The average  value i s  the  most   useful   f rom  an  engineer ing  point  of view; 

hence,  the  second  approach w i l l  be  employed i n   t h i s   r e s e a r c h .  

A t  l a r g e   d i s f a n c e s  from t h e   s u r f a c e   o f   t h e   c y l i n d r i c a l   s h e l l ,   t h e  

a c o u s t i c   p r e s s u r e  w i l l  be determined  by  not ing  that  p = p and 

t h a t   t h e  Hankel func t ion   can  be asymptotically r e p r e s e n t e d   i n  terms of 

an   exponent ia l   func t ion   as ,  

Q X  

The a c o u s t i c   p r e s s u r e   i n   t h e   f a r - f i e l d  i s  thus 

( 4 . 5 7 )  

(4.58) 

The r a d i a l   f l u i d   p a r t i c l e   v e l o c i t y  i s  obta ined  by n o t i n g   t h a t   a t   l a r g e  

d i s t ances  from the   sur face   o f   the   she l , l ,  the c y l i n d r i c a l  wave f r q n t  

behavior  approaches  that   of a p lane  wave f r o n t   i n  any  small  increment 

of polar   angle .   Consequent ly   the  plane wave re la t ionship   be tween p and 

u w i l l  be  employed to   gene ra t e  r 
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The product   o f   the  real  p a r t  of t h e   a c o u s t i c   p r e s s u r e  and the real  p a r t  

o f   t he   f l u id   ve loc i ty   ave raged   ove r  time is t h e   i n t e n s i t y  o r  r ad ia t ed  

power p e r  unit o f   a c o u s t i c   f i e l d   a r e a .  Then 

x C Sn(a) /G’ cos(wt + k r r  - z> 
n=l  

But 

cOS(Ut + k r - :) = cos ut cos  (k r - “) r r T  

- s i n  Ut s i n   ( k  r - 2) = Dl COS ut - D s i n  ut , r 2 

so 
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Averaging 

g ives   t he  

I, = 

o r  

equat ion (4.61) over  a number o f   f u l l   c y c l e s  of e x c i t a t i o n  

i n t e n s i t y  

But  Dl 2 2 2 2 n 
+ D2 = cos (k r - $) -k s i n  (k r - ) = 1 , hence r r Z ;  

The t o t a l  power r a d i a t e d  w i l l  now be  computed a s  

L 
a 
- 

wr = J 2 n r  - * d a  . Ia 0 
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T h e r e f o r e   s u b s t i t u t i o n  of equat ion  (4 .63 )  in to   the   above   express ion  

y i e l d s  

X C Lm s i n  m2 a } d a  
m = l  

where 

(4 .64)  

( 4 . 6 5 )  

Two types of  terms r e s u l t  when the  series i n  equapion ( 4 . 6 4 )  are  

mul t ip l i ed ;  however,  only  one  of  these tenns has a non-zero  integral  

due t o   t h e   o r t h o g o n a l i t y  of the  s$ne  funct ion.  Thus 

f o r  n = m w h i l e   f o r  n # m 

a nna J Ln s i n  -a  Lm s i n  - a d a  = 0 . 
0 L L 

mna 

Hence, 

4 1  



111 I111 

or 

. .. ”. .. 

I 

2 2  Q m v 2  
4 - (9 

PoQpa LUB Qo m 1 c (  w =  r 2 l 2  * 
( 4 . 6 6 )  

m c  s o  o m=l x:(q2-t2) 

The mean s q u a r e   s u r f a c e   v e l o c i t y  of  t h e   v i b r a t i n g   s u r f a c e  is  now 

required,   and w i l l  be   ca lcu la ted   th rough  the   re la t ion ,  

o r  

Thus 

( 4 . 6 7 )  

( 4 . 6 8 )  

where u i s  the   i n s t an taneous   ve loc i ty   on   t he   v ib ra t ing   su r f ace   and  is  

a func t ion  of both time, t, and   pos i t ion ,  01. The rqal p q r t  of t h i s  

q u a n t i t y  w i l l  now be  squared  to   yield Ua, a quant i ty   which  is t o  be 

averaged  over t i m ?  and  space t o  produce  the mean Square   sur face  

ve loc i ty ,  U . 2 

a 
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2 cDQo a 2 2  6 
Ua = [Re(uall = ( C Sn(a3krYl C S,(@k,Ylcos OX 

2 
rn B cO 

n=l  m=$ 

+ C Sn(@krYl C Sm(& k  J cos cut sip cut 
n=l m = l  7 1  

+ C Sn(d)krJ1 C Sm(d)krYlsincut cos cut 
n=l m=?. 

+ C S,(@krJl C Sm(@krJlsin ut ] , 2 

n=l m=l 

Averaging Ua over time, $, generates 2 

o r  

(4 .69)  

(4.70) 

The mean square surface velocity, U , evolves  after  averaging with 

respect  to  variation in a; i . e . ,  

2 

" 

(4.71) 

Again, as in   the   case  af  the eypreseion f o r  power radiated,  the 
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i n t e g r a t i o n   o f  a product   of  series g i v e s   t h e   r e s u l t s  a's two cha rac t e r?  

i s t i c  types  of terms. And because   o f   the   o r thogonal i ty  of t h e  s ine  

f u n c t i o n   a p p e a r i n g   i n   t h e   q u a n t i t y ,  Sn(cL), one of  t hese  terms i s  always 

zero ,   whi le   the   o ther  terns produce  the resul t  

2 
Q,.,,/Qo (8) 

m 1 
2 [ 3 2  1 

m = l  7 - 5. 
a 2  X r J l  (xr> = 4 p  c L ($ 

r 2 ' ' 2 - I  r 1 +  2 1 

Rrad 0 0  2 -  ( 4 . 7 3 )  
0 S/Qo ($1 2 

m y1 (xr> 

ml=l 7 - 5. J1 (xr) 

Equation ( 4 . 7 3 )  r e p r e s e n t s   t h e   d e s i r e d   r e s u l t   f o r  k > 0 s i n c e   f o r  r - 
r > 9 Rrad = 0 . This resul t  i s  expressed   in   t e rms  of a dimension- 

l e s s  series and i s  t o  be, n u m e r i c a l l y   e v a l u a t e d   f o r   r e a l i s t i c   v a l u e s  of 

the  dimensiovless  parameters  which  determine i t s  magnitude. 

This   completes   the  analyt ical   development   for   axisymmetr ic  mode 

shapes.  The n e x t   s e c t i o n   d e a l s   w i t h   t h e   a n a l y t i c a l   d e v e l o p m e n t  of t h e  

s o l u t i o n   f o r   t h e   l o b a r  mode shapes.  

( 4 . 7 3 )  

I L  

Equation ( 4 . 7 3 )  r e p r e s e n t s   t h e   d e s i r e d   r e s u l t   f o r  k > 0 s i n c e   f o r  r - 
r > 9 Rrad = 0 . This resul t  i s  expressed   in   t e rms  of a dimension- 

l e s s  series and i s  t o  be, n u m e r i c a l l y   e v a l u a t e d   f o r   r e a l i s t i c   v a l u e s  of 

the  dimensiovless  parameters  which  determine i t s  magnitude. 

This   completes   the  analyt ical   development   for   axisymmetr ic  mode 

shapes.  The n e x t   s e c t i o n   d e a l s   w i t h   t h e   a n a l y t i c a l   d e v e l o p m e n t  Of t h e  

s o l u t i o n   f o r   t h e   l o b a r  mode shapes.  



4.4 Solu t ion   for   Lobar  Mode Shapes 

Descr ipt ive  equat . ions were deve loped   i n   s ec t ions  (4.1) gnd (4.2) 

f o r   b o t h   t h e   c y l i n d r i c a l   s h e l l  and- t h e  unbounded a c o u s t i c  medium. This 

sec t ion   expla ins   the   boundary   condi t ions  employed qnd t h e   s o l u t i o n  

ob ta ined   fo r   t he   ca se   o f  a l oba r  mode shape ( i . eo ,  a shape  which  can 

be   desc r ibed   i n  terms of  the   po lar   angle ,  8, only) .  

" 

As in   t he   ax i symmet r i c  case, two boundary  condi t iQns  are   requtred 

for   the   so lu t ion   of   equa t ion   (4 .12)   and   equat ion   (4 .18) .  One a p p l i e s  

a t   t h e   s h e l l - f l u i d   i n t e r f a c e  where r = a and  the  other ,  a t  l a r g e  

d i s t a n c e s  from t h e   s u r f a c e  of t h e   s h e l l   a s  r approaches   in f in i ty .  A t  

1: = a ,   t he   cond i t ion  means t h a t   t h e   r a d i a l   v e l o c i t y  of t h e   s h e l l   s u r f a c e  

i s  e q u a l   t o   t h e   r a d i a l   v e l o c i t y  of t h e   f l u i d   p a r t i c l e s   i n   c o n t a c t   w i t h  

the   she l l ;   wh i l e   t he   o the r   boundary   cond i t ion ,   app l i cab le   a t   l a rge  

d i s t a n c e s  from t h e   s u r f a c e   o f   s h e l l ,   r e q u i r e s   t h a t   t h e   s o l u t i o n   t o   t h e  

wave equat ion   represent   an   ou tgoing   ra ther   than   an   incoming wave 

motion.  Acoustically  speaking,  this  boundary  condition  corresponds  to a 

f r ee   o r   an   anecho ic   s imu la t ion  of a f r e e   f i e l d .  

A t  t h e   s h e l l - f l u i d   i n t e r f a c e ,   t h e   m a t h e m a t i c a l   s t a t e m e n t  of t he  

boundary  condition is  

and a t   l a r g e   d i s t a n c e s  from t h e   s u r f a c e  of t h e   s h e l l ,  

(4.74) 

(4.75) 

where  u/cb i s  the   quant i ty   ana logous   to  k i n   t h e  boundary  condition 

f o r   t h e  axisymmetric case. 

r 
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The s o l u t i o n  of equat ions  (4.12) and (4.18) s u b j e c t   t o  the bound- 

a ry   cond i t ions  (4.74) and (4.75) i s  accomplished by use of the method 

of sepa ra t ion   o f   va r i ab le s ;  i . e . ,  l e t  
" 

@(r,e,t) = R(r) 0 (e)T'(t) .. (4.76) 

S u b s t i t u t i n g   e q u a t i o n  (4.76) i n to   equa t ion  (4.18), assuming  that  

@ # 0, and d iv id ing  by t h e   e x p r e s s i o n   f o r  @ y i e l d s  

(4.77) 

But r e c a l l i n g   t h a t   t h e   q u a n t i t y ,  T, was s imply   an   exponent ia l  i n  time, 

t, in   the   p rev ious ly   d i scussed   ax isymmetr ic   case ,   tha t   ana logy  cap be 

employed now and equat ion  (4.77) c a n   b e   e a s i l y   r e w r i t t e n  as 

(4.78) 

This   equat ion   can   be   separa ted   in to  two o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n s  

i n   t h e   v a r i a b l e s  r and 0 as follows: 

(4.79) 

and 

1 1  

L = - m  . 2 
0 

(4.80) 

Equation (4.79) can be r e w r i t t e n  i n  a more convent ional  form a s  

(4.81) 

which i s  r ead i ly   r ecogn izab le   a s  a Bessel d i f f e r e n t i a l   e q u a t i o n .  Far 
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a/c0 > 0, the   so lu t ion   t o   equa t ion   (4 .81 )  is  

(4.82) 

where HL') and HA2' are Hankel f u n c t i o n s   o f   t h e   f i r s t  and  second  kind 

of   o rder  m r e s p e c t i v e l y .   T h i s   s o l u t i o n   d i f f e r s  from t h e   s o l u t i o n   i n  

the   p rev ious   s ec t ion  on axisymmetric modes i n   t h a t   t h e   o r d e r  of t he  

Hankel func t ions  i s  now m compared t o   t h e   o r d e r   o f  one i q  the   previous 

case. And because u/c0 i s  always real ,  equat ion  (4 .82)   represents   the 

on ly   so lu t ion   t o   equa t ion   (4 .81 ) .  

I 

Rearrangement  gives  equation  (4.80)  the  form 

The s o l u t i o n   t o   t h i s   e q u a t i o n  i s  a s i n u s o i d l y   v a r y i n g   f u n c t i o n   i n  

terms of 8; hence ,   the   mot ion   of   the   she l l  i s  p e r i o d i c   i n   t h e  8- 

di rec t iQn  accord ing   to  A cosme  y ie ld ing  m 

Knowledge of R and 0 ,  of course,   gives  information  about the v e l o c i t y  

p o t e n t i a l ,  e.  Applying   the   rad ia t ion   condi t ion   ver i f ies   which  tern of 

equat ion  (4 .82)   corresponds  to   an  outgoing wave and s i m p l i f i e s   t h e  

expres s ion   fo r  Q as a r e s u l t .  The r ad ia t ion   cond i t ion   ( equa t ion  

(4 .75 ) )   can   be   wr i t t en  as 

l i m  [ R '  (r) - i - R(r) ] = 0 . 
r-ta, 9 

cu 
C 

(4.85) 

Subs t i tu t ion   o f   equa t ion   (4 .82)   in to   equat ion   (4 .85)  shows t h a t  
I 
I t h e   d e s i r e d   s o l u t i o n  is  (Appendix   10 .2   g ives   the   de ta i l s   o f   th i s  

1 
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4 
2 Dm 
m z i  m a  
x =  

S 

( 4 . 9 6 )  

and  breaking  the Hankel func t ion  down i n t o  i t s  r e a l  and  imaginary 

par ts--JmJ a Besse l   func t ion  of t h e   f i r s t   k i n d  of  o rde r  m, and YmJ a 

Bessel   funct ion of  the  second  kind of  o rde r  m, r e spec t ive ly - -y i e lds  a 

r e a l  and  an  imaginary  equation  as 

+ 
m 
S 0 S 

and 

2 

+ PoA, Lua 
m 

Ym (T) = 0 . 
S 0 

( 4 . 9 7 )  

( 4 . 9 8 )  

Equation ( 4 . 9 7 )  g ives   t he   des i r ed   r e l a t ionsh ip  f o r  A whi le   equa t ion  

( 4 . 9 8 )  provides   in format ion   about   the   na tura l   f requencies  of the  

immersed she l l .   Equat ion  ( 4 . 9 7 )  y i e l d s   a n   e x p r e s s i o n   f o r  A given by 

m 

m 

Qm 
Loa Wa cua 

0 0 0 
ms (mJm - T Jm+l ($ 

A =  m 
. . . . . - - - 

Wa 
. ( 4 . 9 9 )  

'm 2 2  m ( " -  
a [l - - a m wa wa  wa 

Jm <'E-> 
0 111 

9 "Jm <$ - c Jm+l 
0 0 0 
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(4.100) 

and s u b s t i t u t i n g   t h i s   e x p r e s s i o n   i n t o   t h e   f o r m u l a   f o r  A produces  the 

r e s u l t  

m 

Consequen t ly ,   t he   ve loc i ty   po ten t i a l   can   be   wr i t t en   a s  

(4.101) 

f o r   t h e   l o b a r  mode shapes.  

A t  t h i s   p o i n t ,   t h e   e q u a t i o n   f o r   t h e   v e l o c i t y   p o t e n t i a l  w i l l  be 

w r i t t e n  in terms of a non-dimensional series. The purpose  for   doing S Q  

being   tha t   numer ica l   eva lua t ion  of t h e   r e s q l t i n g   e x p r e s s i o n s   f o r   t h e  

r a d i a t i o n   r e s i s t a n c e  is  d e s i r a b l e  and  worthwhile. Hence, t h e  series 

w i l l  be   exp res sed   i n  terms of the  dimensionless   parameters :  

Lua 

0 

v a  m 5 = -  v = F  and C 
0 

(4.103) 

In t roduc t ion ,   a s  well, o f   t he   no ta t ion  

51  



But 

cOS[Wt + k r  - %n(m + f) ] = cos cot cos[kr  - $n(m + 4) 3. 

- Sincot s i n r k r  - $n(m + $) J = B cos Ut I c s i n  cot , m m 

so 

Re{p}Re{llr} = 2 
m C m=o nor  n n=o 
S 0 

2 c cos ut s i n  ut 
m=o n=o 

- C Sm(0) c C Sn(0) B sincot  cos ut n u r  m m=o ncor n n=o 

+ c ~ ~ ( 8 )  nor n (4.110) 
m=o n=o 

Averaging  equation (4.110) over  a number of  full cyc le s  of e x c i t a t i o n  

g i v e s   t h e   i n t e n s i t y  

(4.111) 

o r  
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+ c sm(e) c c sn(e)  riwr m m=o ' rrcor n n=o 
(4.112) 

As i n d i c a t e d   i n   F i g u r e   4 . 1 ,   t h e   r o t a 1  power r a d i a t e d   p e r   u n i t  o f  

c y l i n d e r   l e n g t h  i s  obta ined  by mul t ip ly ing  Ie by  an  element  of area on 

an   enveloping   cons tan t   coord ina te   sur face   perpendicular   to   the  direc- 

t i o n  of energy   propagat ion   and   by   then   in tegra t ipg   over   tha t   sur face .  

Benc e 

2rr 

wr = J l . r d e  - Ie 
0 

Subs t i tu t ing   (4 .112)   in to   the   above   equat ion   y ie lds  
I 

-+ c sm(e)cm c sn (e )cn   de  . 
m=o n=o 

(4.113) 

The product of t h e  two series r e s u l t s  i n  two types of terms: 

when n # m and 

55 



FIGURE 4 . 2  SCHEMATIC OF ACOUSTIC  F IELD  AREA 

INTO WHICH  VIBRATORY  ENERGY I S  

RADIATED BY T H E  CYLINDER 



when  n = m. From t h e   o r t h o g o n a l i t y   p r o p e r t i e s   o f   t h e   c o s i n e   f u n c t i o n ,  

t h e   f i r s t   t y p e  of term i s  e q u a l   t o   z e r o   i n   a l l   c a s e s ,   w h i l e   t h e  Second 

type  of term i s  nqn-zero, so' 

o r   u t i l i z i n g   e q u a t i o n s   e x p r e s s i n g  B and Cm i n  terms of  s i n e  and 

cos ine   a s  

m 

hence, 

(4.114) 
The mean s q u a r e   s u r f a c e   v e l o c i t y   o f   t h e   v i b r a t i n g   s u r f a c e  i s  now 

required,   and w i l l  be   ca l cu la t ed   t h rough   t he   r e l a t ion  

= u  . r a r =a r =a 
(4.115) 

Thus 
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or 

(4.116) 

where u i s  the   i n s t an taneous   ve loc i ty  on t h e   v i b r a t i n g   s u r f a c e  and i s  

a func t ion  of both time, t, and pos i t i on ,  0. Note t h a t  ", and Ym a r e  

t h e  rea l  and  imaginary  parts of t h e   d e r i v a t i v e   o f  €I:') w i t h   r e s p e c t   t o  

r r e s p e c t i v e l y .  The r e a l   p a r t  of t h i s   q u a n t i t y ,  u w i l l  now be  squared 

t o  y i e l d  U:, a quant i ty   which is  t o  be  averaged  over time and  space  to 

produce  the mean s q u a r e   s u r f a c e   v e l o c i t y ,  U . 

a 

a J  

2 

+ 2 c srn(e> Vm c sn (e>  Jn cos cut sincut 
m=o n =o 

+ ~ ~ ( 9 )  Jm sn(e )  Sn s i n  cut ) . 2 

m=o n=o 

Averaging U over time, t, gene ra t e s  2 
a 

(4.117) 

o r  

58 



I 

+ c Sm(0) jm c s p  jn 3 . .  
m=o n=o 

(4.118) 

The mean squa re   su r f ace   ve loc i ty ,  U , evQlves   a f t e r   ave rag ing   w i th  

r e s p e c t   t o   v a r i a t i o n   i n  0; i .e . ,  

2 

” 

u2Q: 4 2Jr 
u2 = - J I Sm(@ qrn Sn(O> Pn 

4% c 0 m=o n=o 
0 

+ c Sm(e) ”, c Sn(e) Jn ) de . 
m=o n =o 

(4.119) 

Again, as in   t he   ca se   o f   t he   exp res s ion   fo r  power r ad ia t ed ,   t he   i n t eg ra -  

t i o n   o f  a product  of series g i v e s   t h e   r e s u l t s  as two c h a r a c t e r i s t i c  

types of terms. And because  of   the  or thogonal i ty   of   the   cosine  func-  

t i o n   a p p e a r i n g   i n   t h e   q u a n t i t y ,  S,(e) , one  of  these  terms i s  always 

zero,   whi le   the  other   terms  produce  the  resul t  

v 2  

2 Qoa 2 2 S/Qo 
u = (2-j m c  [ 1. l 2  

s o  o m=o E 2 -  q 

(4.120) 

The r a d i a t i o n   r e s i s t a n c e  per u n i t  of l e n g t h   o f   t h e   s h e l l  is  thus 

Rrad = 2wr/u2 o r  
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1 

(4.121) 

Equation  (4.121) i s  t h e   d e s i r e d   r e s u l t   i n  terms of  a dimensionless  

s e r i e s  and i s  t o  be   numer i ca l ly   eva lua ted   fo r   r ea l i s t i c   va lues  of t he  

dimensionless  parameters  which  determine i t s  magnitude. 

This   completes   the  analyt ical   development   for   lobar  mode shapes.  

The next   chapter   dea ls  w i th  the   numer ica l   eva lua t ion  of t h e   a n a l y t i c a l  

expressions  obtained i n  Chapter  4. 
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5. NUMERICAL EVALUATION 

The r ad ia t ion   r e s i s t ance   expres s ions   deve loped   i n   Chap te r  4 were 

w r i t t e n   i n  terms of   d imens ionless   parameters   to   fac i l i t a te   subsequent  

numer i ca l   eva lua t ion   o f   t he   r e su l t s .   I n   t h i s   chap te r ,   t he   numer i ca l  

eva lua t ion  scheme i s  p resen ted   and   t he   r e su l t s  of  numerical   evaluation 

inc luded   i n   t he  form  of  graphs  and  tables. 

5 . 1  Numerical  hraluation  for  Axisymmetric Mode Shapes 

Numerical   evaluat ion  of   the  expression ( 4 . 7 3 )  f o r   t h e   r a d i a t i o n  

r e s i s t a n c e   i n   t h e   c a s e  of axisymmetric mode shapes  can  be  accomplished 

by n o t i n g   t h a t  x 6 ,  and ",/Xn c a n   b e   w r i t t e n   i n  terms of  more bas i c  

parameters   which  are   re la ted  to   the  geometry  of   the  shel l   and  the 

p h y s i c a l   p r o p e r t i e s  of t h e   s h e l l   m a t e r i a l  and f l u i d .  

r' 

Equation ( 4 . 7 3 )  i s  wr i t t en   i n   t e rms   o f   t he   d imens ion le s s  param- 

e t e r s ,  7, e ,  and xr .  It  i s  d e s i r a b l e   t o   c o n s i d e r  5 and x as  dependent 

v a r i a b l e s  and w r i t e  them i n  terms  of v, the   independent   var iable .   This  

approach i s  phys ica l ly   meaningfu l   due   to   the   fac t   tha t  7 = ( u ) / c  

where w i s  the  as ye t   unspec i f i ed  and t h e r e f o r e   a r b i t r a r y   f o r c i n g  

frequency  of   the  appl ied  surface  load,  q(Cx,t).  Thus  from equat ion  

( 4 . 2 6 )  and  equation ( 4 . 3 3 )  

r 

0 

o r  

Consequently  from  equation ( 4 . 5 4 )  and t h e   f a c t   t h a t  k = W/C 
0' 

61 



The quant i ty ,  x i s  thus   expressed   in  terms of 7 and a/L, a s h e l l  

geometry  parameter, as des i r ed .  From equat ion  ( 4 , 5 0 ) ,  i t  i s  p o s s i b l e  

. t o  write ",/Xn i n d i r e c t l y   i n  terms of 7 also.   Obviously 

r' 

'n 2 1 (-1 = xn po Jo ( r k a)  , 
1 + -  

ms kr J1 (kra)  

bu t  by n o t i n g   t h a t  m i s  t h e  mass p e r   u n i t   a r e a  of t h e   s h e l l   s u r f a c e  

and i s ,  hence ,   equa l   t o   t he   she l l   ma te r i a l   dens i ty ,  mu1 t i p l i e d  by 

the   she l l   th ickness ,   h ;   the   above   express ion   can   be   wr i t ten  

s 

PS 

Equation ( 5 . 4 )  i s  expressed  in   terms of t h e   d e s i r e d   q u a n t i t i e s  as well 

a s  a new geometric  parameter, h/L, t h e   r a t i o   o f   s h e l l   t h i c k n e s s   t o  

c h a r a c t e r i s t i c   l e n g t h .  

Considering  equations ( 4 . 5 4 ) ,  the   parameter   can be w r i t t e n   a s  

2 n v a 2 Xna 2 vn 2 
E = = (7) <+ - 

0 0 n 

Employing equat ion  (4 .49)  and the   in format ion   tha t  

( 5 . 5 )  

Eh3 D =  
12 ( 1-v2) 

? 
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and t h a t   t h e   l o n g i t u d i n a l   p l a t e   v e l o c i t y  

permits  the  development  of  the  expression 

(5.9) 

Consequently a l l   q u a n t i t i e s   i n   e q u a t i o n  (4 .73 )  f o r   t h e   r a d i a t i o n  

r e s i s t a n c e   a r e  now r e p r e s e n t e d   i n  terms of   the  forcing  f requency 

parameter, 7 ;  t h e   s h e l l  geometry  parameters, a/L, and h/L; and the  

ma te r i a l   p rope r t i e s ,  PO/ps, CL/co, and v w i th  Q,,,/Qo = l /n .  

The numerical   analysis ,   per  se, i s  a parameter   s tudy o f  t h e  

problem in   t e rms  of the  previously  mentioned  parameters:   the  ranges o f  

values   for   the  shel l   geometry  parameters   and  for  q a re   approximate ly  

and 

< h/L < 10-1 - - 
I n   t h e   c a s e  of s h e l l   m a t e r i a l  and f lu id   p roper ty   Parameters ,   the  

m a t e r i a l s  and f l u i d s   c o n s i d e r e d   i n   t h i s  work a r e   i n d i c a t e d   i n   T a b l e  

5.1. The s h e l l   m a t e r i a l s  and f lu ids   cons ide red   he re  are r e p r e s e n t a t i v e  

of   the   k ind   encountered   in   s t ruc ture- f lu id   in te rac t ion   envi ronments  and 

of   the  range of p h y s i c a l   p r o p e r t i e s   e x h i b i t e d  by such   ma te r i a l s  and 

f l u i d s .  
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Table 5.1 Phys ica l   p rope r t i e s  of t y p i c a l   s h e l l   m a t e r i a l s  and f l u i d s  

S h e l l  
M a t e r i a l s  

Young ' s 
Modulus 

( l b f / i n .  ) 2 
Dens i t 

(lbm/in. 3, 
Poisson 

Rat io  

7075 Aluminum 

316 and 317 
S t a i n l e s s   S t e e l  

Titanium 
(Ti-  7AL-4Mo) 

Beryllium 

Magnesium 

10.4 ( lo6)  

28 ( lo6)  

16.8 (lo6) 

43.0 ( lo6)  

6.5 (lo6) 

. l o 1  

.288 

.162 

.067 

. 0 6 4  

.333 

.176 

.292 

- 0  30 

.35 

Acoust ic  
F l u i d  

Veloc i ty  
Sound ( f  t /sec)  

Dens i t  
(lbm/in. )5, 

A i r  

Water 

1117 

4859 

4.4276 

3.605 

6 4  



The d e t a i l s  of the  computer  program  employed i n   t h e   p a r a m e t e r  

s t u d y   a r e   g i v e n   i n  Appendix  10.3.1. It should  be  noted  that   the  

series i n  equat ion  (4.73) are, i n   f a c t ,   f i n i t e  series because  of  the 

f a c t   t h a t   k r  > 0. The program  incorporates   this   information and 

terminates  summation f o r  any  value  of n g rea t e r   t han  T/(na/L). The 

program a l so   t e rmina te s  summation i n   t h e  case of  convergence  to a 

s t a b l e   v a l u e   f o r   e a c h  series. 

The numer i ca l   r e su l t s  are shown i n   F i g u r e s   5 . 1   t h r o u g h   5 . 5   a s  

w e l l   a s   i n   T a b l e  5 . 2 .  Figure   5 .1   p resents   the   d imens ionless  R f o r  

small  q: t h e   a c o u s t i c  medium i s  a i r .  Because t h i s  r e s u l t  peaks a t  

each  resonance  of   the  shel l ,   an  averaged  or  smoothed curve would  be 

more u s e f u l   i n   o c t a v e  band a n a l y s i s  work. Hence the  computer  (see 

Appendix 10 .3 .2  f o r  t he  program fo r   ave rag ing  R ) is  employed t o  

average   the   theore t ica l   curve   to   ob ta in   the   averaged   curve   a l so  shown 

i n   F i g u r e  5.1.  F igu re   5 .2   dep ic t s   t he  same informat ion   for   an   acous t ic  

medium of   water   ins tead   of   a i r .   F igure   5 .3  i s  e s s e n t i a l l y  a comparison 

- o f  t h e   r e s u l t s   f o r   s m a l l  7 for   acous t ic   envi ronments  of  e i t h e r   a i r   o r  

wa te r .   I n   F igu re  5.4,  t he   ave raged   r ad ia t ion   r e s i s t ance   fo r  a s h e l l   i n  

con tac t   w i th   wa te r  i s  i n d i c a t e d   f o r  a wide  range  of 7 v a l u e s .   F i n a l l y  

i n   T a b l e   5 . 2 ,   t h e   r a d i a t i o n   r e s i s t a n c e  of a c y l i n d e r   i n   a i r  i s  shown 

for   var ious  values   of   the   geometry  parameter ,  h/L. 

rad 

rad 

Table 5 .3  p r e s e n t s  a comparison of t h e   r a d i a t i o n   r e s i s t a n c e  of a 

c y l i n d e r   i n  a i r  for   vqr ioug   choices   o f   cy l inder   mater ia l .  The r e s u l t s  

are  obviously  only  weakly  dependent   on  mater ia l   propert ies .  
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Table   5 .2   Dimens ionless   rad ia t ion   res i s tance   for   var ious   va lues  of h/L 

Dimensionless   Radiat ion  Resis tance 

CLEl a/L = 0.01   Acous t ic   F lu id  - A i r  <"> 
0 = 1 . 0 ( 1 0 - ~ )  h/L = l ~ O ( l 0 -  ) 3 

.3400 

.3600 

.3800 

.4000 

.4200 

.4400 

.4600 

.4800 

.5000 

. 5  200 

.5400 

. 5  600 

e 5800 

.6000 

.6200 

.6400 

.6600 

.6800 

.7000 

.7200 

5.202 

12.100 

7.972 

6.669 

17,170 

10.360 

8.334 

24.380 

13.20 

10.06 

35.66 

16.40 

11.90 

58.18 

20.36 

14.20 

222.70 

25.29 

16.65 

13.08 

5.200 

12.090 

7.966 

6.665 

17.150 

10.350 

8.327 

24.350 

13.18 

10.05 

35.62 

16.36 

11.88 

58.12 

20.30 

14.16 

229.70 

25.19 

16.59 

13.04 

5.200 

12.090 

7.965 

6.665 

17.150 

10.350 

8.326 

24.340 

13.18 

10.05 

35.61 

16.35 

11.88 

58.12 

20.29 

14.15 

229.70 

25.18 

16.58 

13.03 
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T a b l e   5 . 3   D i m e n s i o n l e s s   r a d i g t i o n   r e s i s t a n c e   f o r   v a r i o u s   s h e l l  
m q t e r i a l s   i n   c o n t a c t   w i t h   a i r  

- .~ 

Dimensionless   Radiat ion  Resis tance 

a/L = 0.01 
LDa 

h/L = L O ( ~ O - ~ )  
- - ' -  1 , - - 

0 70 75 
,$luminum Titanium  Beryllium 

. loo0  

.1200 

.1400 

.1600 

- 1800 

.2000 

.2200 

.2400 

.2600 

.2800 

.3000 

.3200 

.3400 

.3600 

.3800 

.4000 

.4200 

.4400 

.4600 

~ ~~~ . 

2.870 . 

1.732 

2.869 

8.213 

3.186 

5.450 

76.5 70 

5.155 

9.447 

5.264 

7.794 

16.060 

7.362 

11.360 

29.530 

9.980 

16.290 

153.200 

13.270 

2.870 

1.732 

2.869 

8.213 

3.186 

5.449 

76.570 

5.154 

9.445 

5.264 

7 . 7 9 2  

16.050 

7.361 

11.350 

29.53 

9.977 

16.280 

15  3.200 

13.270 

~~~ ~~ ~~~~~~ ~~~ 

2.870 

1.732 

2.869 

8 . 2 1 2  

3.186 

5.448 

76.57 

5.154 

9.444 

5.263 

7. 791 

16.050 

7.360 

11.350 

29.520 

9.975 

16.280 

153.100 

13.260 

continued 
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Table 5.3 (continued) 

, . ._ .- -~ 

Dimensionless  Radiation  Resistance 

.4800 

.5000 

. 5  200 

.5400 

.5 600 

.5800 

.6000 

.6200 

.6400 

.6600 

.6800 

.7000 

.7200 

a/L = 0.01 h/L = l.0(10-5) 

70 75 
Aluminum Titanium Beryllium 

23.440 

12.050 

17.380 

34.810 

14.850 

22.750 

57.660 

18.460 

30.110 

229.700 

22.940 

40,690 

19.440 

23..430 

12.05.0 

17.370 

34.800 

14.840 

22.740 

57.650 

18.450 

30.100 

229.700 

22.930 

40.670 

19.430 

~ ~~~ 

23.430 

12.040 

17.370 

34.790 

14.840 

22.730 

57.630 

18.450 

30.080 

229.700 

22.920 

40.650 

19.420 
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5 . 2  Numerical  ‘Evaluation  for  Lobar Mode Shapes 

Expres s ion   (4 .121)   fo r   t he   r ad ia t ion   r e s i s t ance  in t he  case of 

l oba r  mode shapes i s  evaluated  numerical ly  by n o t i n g   t h a t  E, and .,/Xm 

can   be   wr i t t en   i n   t enns  of  more  fundamental  parameters  which  are re- 

l a t ed   t o   t he   geomet ry   o f   t he   she l l  and the   phys i ca l   p rope r t i e s  of t h e  

s h e l l   m a t e r i a l  and t h e   f l u i d .  

Equation  (4.121) i s  expressed i n  terms of the  dimensionless  param- 

eters, q, and 5 .  Since q = (ua)/co where o i s  t h e   a s   y e t   u n s p e c i f i e d  

and the re fo re   a rb iF ra ry   fo rc ing   f r equency  of the   appl ied   sur face   load ,  

q ( 0 , t ) ,  i t  i s  convenient and d e s i r a b l e  to hypothes ize   tha t  E i s  a 

dependent   var iable  i n  the  problem  and  write i t  i n  terms of q, t he  

independent   var iable .  To accomplish  this,   consider  equation  (4.100) 

and wr i te  i t  a s  

v 2  m 1 
J ’  m m 

(y-4 = 
Poa , 

( 5 .  lo)  

Note t h a t  ms i s  the  mass per   uni . t   area  of   the   shel l   surface  and is ,  

the re fo re ,   equa l  t o  t h e   s h e l l   m a t e r i a l   d e n s i t y ,  ps, m u l t i p l i e d  by the  

she l l   t h i ckness ,   h .  Hence the  above  expression  can  be  wri t ten  as  

(5.11) 

T h i s   r e s u l t  i s  expres sed   i n  terms of   the   des i red   quant i ty ,  q, as w e l l  

.as t h e   d e n s i t y   r a t i o ,  po/p, , and a/h, t h e   r a t i o  of cy l inde r   r ad ius   t o  

cy l inder   wal l   th ickness .   Equat ion  (5.10) can  be  employed t o  wr i te  an 
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expres s ion   fo r  5 a s  

But  from  equation  (4.96) 

2 Dm 4 x = -  
m 4 ’  m a  

S 

and  equation (5.7), 

Consequently 

(5 0 12) 

(5 I 13) 

(5 14) 

(5.15) 

All q u a n t i t i e s   i n   e q u a t i o n   ( 4 . 1 2 1 )   f o r   t h e   r a d i a t i o n   r e s i s t a n c e  are  now 

represented  in   terms  of   the  forcing  f requency  parameter ,  q; t h e   s h e l l  

geometry  parameter,   h/a;   and  the  material   properties,  po/ps, CL/co, 

and v w i th  \/Q = 1. 
0 

The numerical   analysis  scheme i s  a parameter  study  of the problem 

i n  terms  of  the  previously  mentioned  parameters:   the  ranges  of  values 

f o r  7 and  h/a a r e  

and 

1 h 1 - < - < -  1000 - a - 20 * 
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The s h e l l  material and f lu id   p rope r ty   pa rame te r s   t o   be  employed i n  the 

numer ica l   ana lys i s  are i d e n t i c a l   t o   t h o s e  employed i n   t h e   c a s e   o f  

axisynunetric mode shapes  and a re  g iven   i n   Tab le  5.1. The d e t a i l s  of 

the  computer  program  employed i n   t h e   p a r a m e t e r   s t u d y  are  g i v e n   i n  

Appendix 10.3.3. I n   c o n t r a s t  t o  t h e   c a s e   f o r  axisymmetric mode shapes, 

t h e  series in   equat ion   (4 .121)  F r e  t h e o r e t i c a l l y   i n f i n i t e  series bu t  

for   the  purposes   of   numerical   evaluat ion,   summation i s  te rmina ted   as  

each series converges  to  a s u i t a b l y   s t a b l e   v a l u e .  

The r e s u l t s  of machine  computation are shown i n   F i g u r e s   5 . 5  and 

5.6.   Figure 5.5 shows t h e   r a d i a t i o n  resistance f o r  a c y l i n d e r  i n  

c o n t a c t   w i t h   a i r   f o r   l a r g e   v a l u e s  of q whi le   F igure   5 .6   p resents   the  

same informat ion   for  a cy l inde r  in contac t   wi th   water .  
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6 .  DISCUSSION OF RESULTS 

. The r e s u l t s   p r e s e n t e d   i n   C h a p t e r  5 exhib i t   exce l len t   agreement  

wi th   t he   bas i c   cha rac t e r i s t i c s   o f   p rev ious  work  on t h e   r a d i a t i o n  re- 

s i s t a n c e   o f   f i n i t e   c y l i n d r i c a l   s h e l l s  (Manning  and  Maidanik, 1964).  

Although  the work reviewed i n   t h i s   r e p o r t  i s  t h e o r e t i c a l l y   a p p l i c a b l e  

t o   l o n g   o r   m a t h e m a t i c a l l y   i n f i n i t e   c y l i n d r i c a l   s h e l l s ,   F i g u r e  5.4,  

which  indicates  the  averaged  behavior  of Rrad over  a wide  range  of 

dimensionless   f requency  values ,  shows q u i t e   c l e a r l y   t h e   c h a r a c t e r i s t i c s  

of   previously  publ ished  experimental   data   with  regard  to   the two peaks 

i n   t h e  low- to   middle-frequency  values  and the  asymptot ic   approach  to  

t h e   r a d i a t i o n   r e s i s t a n c e  of a f l a t   p l a t e  of  e q u a l   a r e a   f o r   l a r g e   v a l u e s  

of  the  dimensionless   f requency  parameter ,  11. The two p e a k s   a r e   i d e n t i -  

f ied   as   the   r ing   f requency ,  UT, t he   f r equency   a t   wh ich   t he   l ong i tud ina l  

wave l e n g t h   i n   t h e   c y l i n d e r   m a t e r i a l  i s  equa l   t o  i t s  circumference,  

and t h e   c r i t i c a l   f r e q u e n c y ,   t h e   f r e q u e n c y   a t   w h i c h   t h e   f l e x u r a l -  

wave speed   i n  a f l a t   p l a t e  of equ iva len t   t h i ckness  i s  equa l   t o   t he  

speed of sound i n   t h e   s u r r o u n d i n g   a c o u s t i c  medium, r e spec t ive ly .   Fo r  

la rge   va lues   o f  7, the  resul ts  as i n d i c a t e d   i n   F i g u r e  5 . 4  o s c i l l a t e  

between  the  dotted  curve  which  represents  the  upper bound and the  

dashed  curve  which  represents  the  asymptotic l i m i t  f o r   v a l u e s   o f   t h e  

r a d i a t i o n   r e s i s t a n c e   o f   t h e   c y l i n d e r   v i b r a t i n g   i n   a x i s y m m e t r i c  mode 

shapes.  

g' 

Due t o   t h e   s u b s t a n t i a l   d i f f e r e n c e s   i n   t h e   s h e l l  and a c o u s t i c  

environment i n   t h e  two cases - - the   t heo re t i ca l  work r epor t ed   he re in  

a p p l y i n g   t o   a n   i n f i n i t e ,   t h i n   c y l i n d r i c a l   s h e l l   i n   c o n t a c t   w i t h   a n  
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unbounded i d e a l   f l u i d  and the   exper imenta l  work. of Manning  and 

Maidanik (1964) app ly ing   t o  a f i n i t e ,   f l a n g e d   c y l i n d e r   i n   c o n t a c t   w i t h  

a r eve rbe ran t   a i r space - - i t  i s  f e l t   t h a t   t h e   r e s u l t s   o f   t h i s  work show 

good agreement   with  previous  experimental   s tudies .  The decaying 

o s c i l l a t i o n   o f   t h e   r a d i a t i o n   r e s i s t a n c e   a s  7 becomes l a r g e  i s  perhaps 

due t o   t h e   f a c t   t h a t   t h i s   s t u d y  i s  fo rmula t ed   i n  terms of  an  anechoic 

acoustic  environmenf  instead of a reverberant   one.  A reverberant  

acoust ic   environment  would  bave a more  pronounced  averaging  influence 

on the  motion of t h e   s h e l l   t h a n  would  an  anechoic  condition  which 

e s sen t i a l ly   s e rves   a s   an   ene rgy   s ink  compared t o  a reverberant   envi ron-  

ment  which i s  more ap t ly   descr ibed   in   t e rms   of   energy   s torage .  

The r e s u l t s   f o r   t h e   c a s e   o f   l o b a r  mode shapes   a r e   po in t ed ly  less 

u s e f u l   t h a n   t h e   r e s u l t s   f o r   t h e   a x i s m e t r i c  mode shapes  because  the 

r e s u l t s   a r e   v a l i d   i n   t h e   c a s e  of t he   fo rmer   on ly   fo r   l a rge   va lues  of 

the  dimensionless  frequency, 7 .  
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7 ,  SUMMARY AND CONCLUSIONS 

A mathematical   model   consis t ing  of   s imultaneous  par t ia l  

d i f f e r e n t i a l   e q u a t i o n s ,  ong descr ib ing   the   mot ion  of t h e   s h e l l ;   t h e  

o ther ,   the   mot ion   of   the   acous t ic  medium, i s  developed. The desc r ip -  

t i ve   equa t ions   a r e   so lved   sub jec t   t o  a ve loc i ty   compat ib i l i ty   boundary  

c o n d i t i o n   a t   t h e   s h e l l - f l u i d   i n t e r f a c e  and t h e   c l a s s i c   r a d i a t i o n  con- 

d i t i o n   a t   l a r g e   d i s t a n c e s  f rom  the   su r f ace   o f   t he   cy l ind r i ca l   she l l .  

The s o l u t i o n  i s  employed t o   o b t a i n   t h e   t o t a l   r a d i a t e d  power  and the  

mean-square  surface  veloci ty .  The r a d i a t i o n   r e s i s t a n c e  i s  c a l c u l a t e d  

from th is   in format ion   in   the   case   o f   ax isymmetr ic  and loba r  mode 

shapes. The r e s u l t s   a r e   o b t a i n e d  i n  t h e  form  of a ra t io   o f   d imens ion-  

less series which i s  e v a l u a t e d   n u m e r i c a l l y   f o r   r e a l i s t i c   v a l u e s  of 

the  dimensionless   pqrameters   chargcter iz ing  the  problem. The r e s u l t s  

a r e   p r e s e n t e d   i n   t h e  form of graphs  and  tables   in   Chapter  5. 

I n  summary, i t  s h o u l d   b e   n o t e d   t h a t   t h e   r e s u l t s   o b t a i n e d   i n   t h i s  

work a r e   p r e d i c a t e d  by hypo theses   pe r t a in ing   t o   bo th   t he   she l l  and i t s  

envi ronment .   Spec i f ica l ly ,   the   she l l  i s  assumed t o   b e  a l ong   cy l ind r i -  

c a l   s h e l l   c o n s t r u c t e d  from a n   i s o t r o p i c   e l a s t i c   m a t e r i a l  and  obeying 

t h i n   s h e l l   e q u a t i o n s  of deformation. The equat ions  of   motion  for   the 

s h e l l  do not   inc lude   in te rna l   mechanica l  damping e f f e c t s   s u c h   a s  would 

be caused by j o i n t s  and f a s t e n e r s   o r   h y s t e r e s i s  damping wi th in   t he  

m a t e r i a l .  Damping occur s   on ly   i n  terms o f   t h e   e f f e c t  of t he   acous t i c  

medium upon the  motion  of   the  shel l .  The a c o u s t i c  medium is  hypoth- 

e s i z e d   t o   b e   a n   i d e a l   c o m p r e s s i b l e   f l u i d   t h a t   s a t i s f i e s   t h e   p e r f e c t   g a s  

law, t h a t  i s  c o n s t i t u t e d   i n   s u c h  a way as t o  p e r m i t  propagat ion  of  a 

sound wave i n   a n   a d i a b a t i c   f a s h i o n ,  and tha t   has  a v i s c o s i t y  of  zero. 
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Hence  energy  dissipation in the  fluid  by  both  thermal  and  viscous 

means  is not considered. 

Considering  the  differences  between  the  mathematical  model 

utilized in this  work  and  the  environment  within  which  experimental 

work on the  subject  has  been  done,  the  results  presented in Chapter 5 

exhibit  good  agreement with experimental  results in the  literature  both 

in terms  of  the  peak at the  critical  frequency  and  the  asymptotic 

approach  to  the  radiation  resistance of a  .flat  plate of  equal  area  at 

large  values  of  the  dimensionless  frequency  parameter.  However  a 

need  exists  for more extensive  experimental  study  of  this  problem. A 

need  also  exists  for  more  theoretical  work  based on general mode shapes 

for  infinite  cylindrical  shells  and  for  finite  cylindrical  shells. 

Although  it  will  be  much more difficult  to  handle  in a mathematically 

rigorous  manner,  future  theoretical  work  will  obviously  be  of  greater 

value if  the  acoustic  environment  is  included in terms  of  a  reverberant 

condition. 
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9. LIST OF  SYMBOLS 

a mean-radius  of  cylinder 

cL 

C 
0 

D 

E 

CL = E / b s ( l - v  ) I  2 2 

speed  of  sound i n   t h e   a c o u s t i c  medium 

p l a t e   s t i f f n e s s ,  Eh / [ 1 2 ( 1 - ~  ) ]  3 2 

Young's  Modulus 

components   o f   force   appl ied   to   the   cy l indr ica l   she l l  

th ickness  of s h e l l  

i 

kr 

kZ 

m 

m 

M 

S 

n 

9 

r 

R 

Rrad  

Rm 

S 

i = -1 L 

r a d i a l  wave  number; def ined  by  equat ion ( 4 . 2 6 )  

a x i a l  wave  number; def ined  by equat ion  ( 4 . 3 3 )  

i n t e g e r  

mass  of s h e l l  material pe r   un i t   o f   a r ea  

lumped  mass of the  system 

i n t e g e r  

modal d e n s i t y  of s t r u c t u r e  

a c o u s t i c   p r e s s u r e  

ambient   p ressure   in   the   acous t ic  medium 

app l i ed   l oad  on cy l inde r   su r f ace   pe r   un i . t  o f  a r e a  

r a d i a l   c o o r d i n a t e   i n   c y l i n d r i c a l   c o o r d i n a t e   s y s t e m  

t o t a l  res is  tance  

r a d i a t i o n   r e s i s t a n c e  

mechanica l   res i s tance  

s p r i n g   c o n s t a n t  

a c c e l e r a t i o n   s p e c t r a l   d e n s i t y   o f   t h e   s t r u c t u r e  
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111 II I111 II 

a c o u s t i c   p r e s s u r e   s p e c t r a l   d e n s i t y   i n   t h e  medium s u r -  

round ing   t he   s t ruc tu re  

time 

T = 2m/w 

t 

T 

r e v e r b e r a t i o n  time o f   s t r u c t u r e  
TS 

U a x i a l   v e l o c i t y  of s h e l l   s u r f a c e  

f 

U acous t i c -med ium  pa r t i c l e   ve loc i ty  

r a d i a l   f l u i d   p a r t i c l e   v e l o c i t y  U r 

V t a n g e n t i a l   v e l o c i t y   o f   s h e l l  

r a d i a l   v e l o c i t y   o f   s h e l l   s u r f a c e  W 

W t o t a l   d i s s i p a t e d  power 

'i 

'r 

X 

input  power 

r ad ia t ed  power 

coordinate   in   s ingle-degree-of-freedom  problem 

ax ia l   coo rd ina te   i n   cy l ind r i ca l   coo rd ina te   sys t em z 

'r 

a 

r a d i a t i o n  impedance 

d imens ion le s s   ax i a l   coo rd ina te  

p = e  P 

r a t i o  of  spec i f i c   hea t6   ( c   / c  ) 
P V  

Y 

c 2  = D/a ms 4 E 

f damping f a c t o r  

po la r   ang le   i n   cy l ind r i ca l   coo rd ina te   sys t em 

r e s i s t a n c e   r a t i o  

P Q i s s o n ' s   r a t i o  V 

ambient   densi ty  of t h e   a c o u s t i c  medium 
PO 

P S  
d e n s i t y   o f   s h e l l   m a t e r i a l  
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I 

m 

w 

Lu r 

w 
g 

n w 

acoustic  velocity  potential 

frequency of  forcins  function 

ring frequency 

critical frequency 

natural frequency of single-degree-of-freedom  system 
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10. APPENDICES 

10.1 Response  Analysis  of a Randomly Exci ted 
R i g i d   P i s t o n   i n   a n   I n f i n i t e   . B a f f l e  

10.1.1 In t roduc t ion  - 

The problem  of a b a f f l e d ,   r i g i d   p i s t o n   r a d i a t i n g   i n t . 0  a semi- 

i n f i n i t e   a c o u s t i c  medium was o r i g i n a l l y   i n v e s t i g a t e d  by Rayleigh 

(1945) .   S ince   Ray le igh ' s   i n i t i a l   r epor t ,  numerous  methods  have  been 

employed in   fu r the r   s tudy   o f   t he   p rob lem (McLachlan,  1932;  King,  1934; 

Williams  and Labaw, 1945;  Pachner,  1951; Gup t i l l ,  1953;  Quint,  1959; 

Mangulis,  1964;  Williams,  1964;  and  Greenspan,  1966). The p resen t  work 

i s  concerned  with  analysis  of  the  problem when t h e   p i s t o n  i s  exc i t ed  

by a random fo rce .  

The problem i s  examined i n  terms  of a single-degree-of-freedom 

v ib ra t iona l   sys t em  wi th   r e t a rd ing   fo rces   due   t o   mechan ica l   s t i f fnes s ,  

mechanical  damping,  inertia,  and t h e   e f f e c t s  of  t .he  acoust.ic medium. 

S o l u t i o n   o f   t h e   d i f f e r e n t i a l   e q u a t i o n  of  motion  permits  determination 

of   the  admit tance of the  system. The mean-square  response  velocity o f  

t h e   p i s t o n  i s  c a l c u l a t e d   f o r  a random e x c i t i n g   f o r c e  of un i form  spec t ra l  

dens i ty .  The r e s u l t  i s  a n   i n t e g r a l  form s o l u t i o n  that i s  evaluated 

numerical ly . ,  

Numerical r e s u l t s  are  o b t a i n e d   f o r   t h e   g e n e r a l   c a s e ,   f o r  2ka << 1, 

and f o r  2ka l a rge .  When 2ka i s  l a rge ,   an   ana ly t i ca l   r e su l t   c an   be  

obtained and a comparison  of   numerical   and  analyt ical   resul ts   g ives  

good agreement.  Numerical resul ts  a r e   p r e s e n t e d   i n   g r a p h i c a l  form  and 

discussed.  

88 



I 

10.1.2 Ana ly t i ca l  Development 

Consider a c i r c u l a r   p i s t o n  mounted f l u s h   w i t h   t h e   s u r f a c e   o f   a n  

in f in i t e   p l ane   ba f f l e ,   F igu re   10 .1 .   Mot ion   pe rpend icu la r   t o   t he   p l ane  

o f   t he   p i s ton  i s  i n i t i a t e d  by app l i ca t ion   o f  a random fo rce .   Res i s t ing  

fo rces   t end ing   t o   r e t a rd   mo t ion  are  generated by  mechanical damping, 

mechan ica l   s t i f fnes s  and t h e   e f f e c t s   o f   t h e   a c o u s t i c  medium. A study 

of   th i s   mot ion  w i l l  be  accomplished i n  terms of the   mathemat ica l ly  

equ iva len t  model shown i n   F i g u r e  10.2, where F ( t )  i s  the   fo rc ing  

func t ion  and F ( t )  i s  the   reac t ion   force   due   to   the   sur rounding  R 

a c o u s t i c  medium. 

F 

Descr ib ing   the   sys tem  in  terms of  the  coordi.nate X g ives   the  

d i f f e ren t i a l   equa t ion   o f   mo t ion  of the  system  as  

m? + R,X + SX = F F ( t )  - FR( t )  . (10.1) 

The r eac t ion   fo rce   due   t o   t he   acous t i c  medium can  be  wri t ten  in   terms 

of t h e   a c o u s t i c   o r   r a d i a t i o n  impedance, Z r ;  t hen   fo r  a simple  harmonic 

fo rc ing   func t ion  of  amplitude F and c i rcu lar   f requency  w, equa t ion  

(10.1) becomes 

mii + RmX + SX = Fe - Z r U e  
i w t  i w t  (10 m 2) 

where U e  i s  t h e   v e l o c i t y   o f   t h e   p i s t o n .  The so lu t ion   of   th i s   equa-  

t i o n  i s  e x p r e s s i b l e  as C e  where C i s  a complex cons tan t ,  i. e. 

i w t  

i w t  
" 

(10.3) 
[F-ZrU] e i w t  

x =  n 
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The ve loc i ty   o f   t he   p i s ton   has   t he  form 

u = X = U e  icut - - iw(F-ZrU]eiwt 
J J 

s o  t h a t   t h e  complex veloci ty   ampli tude  can  be  wri t ten as 

(10.4) 

(10.5) 

By w r i t i n g  the  r a d i a t i o n  impedance, i n  terms of t h e   r a d i a t i o n  

r e s i s t ance ,  Rr, and the   r ad ia t ion   r eac t ance ,  X,, t he   ve loc i ty   ampl i tude  

becomes 

'r J 

(10.6) 

2 
n where w = S/m i s  the  natural   f requency  of   an  equivalent   spr ing-mass 

system.  Consequent ly   the  admit tance  funct ion  for   the  system  can  be 

w r i t t e n  as 

E x p r e s s i o n s   f o r   t h e   r a d i a t i o n   r e s i s t a n c e  and r a d i a t i o n   r e a c t a n c e  

can  be  obtained  from a number of s o u r c e s   i n   t h e   l i t e r a t u r e   ( R a y l e i g h ,  

1945; K i n s l e r  and  Frey, 1962; Stephens  and  Bate, 1966;  and  Morse, 1948). 

The approach employed by Kins l e r  and Frey (1962) i s  t o   s o l v e   t h e  wave 

equa t ion   fo r  a h e m i s p h e r i c a l   p o i n t   v e l o c i t y   s o u r c e   i n   a n   i n f i n i t e  

b a f f l e  and ob ta in   an   expres s ion   fo r   t he   acous t i c   p re s su re   gene ra t ed  
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i n  the   su r round ing   acous t i c  mediim. I f   t h e   p i s t o n  is  composed of a 

l a r g e  number o f   t h e s e   p o i n t  swrces, t h e n   t h e   t o t a l   p r e s s u r e  a t  a p o i n t  

in t h e   a c o u s t i c  medium i s  made up of components  of  pressure  with  each 

component r e s u l t i n g  from a p o i n t   v e l o c i t y   s o u r c e   o n   t h e   p i s t o n   f a c e .  

If the   sur face   a rea   o f   the   p i s ton   which   cor responds   to   an   e lementa l  

po in t   sou rce  i s  represented  bydAthenthedes i redresu l t  can   be   ob ta ined  

by   i n t eg ra t ing   ove r   t he   su r f ace  of t he   p i s ton .  The r e s u l t i n g   p r e s s u r e  

a t  a po in t   ( r , 0 )   o f   t he   acous t i c  medium i s  

i p  c ka Ue i(wt-kr) 2 J l ( k a   s i n  e) 
P =  

0 0  
2 r  ka s i n 8  I .  (10.8) 

The coord ina te  r i s  the   d i s t ance   be tween   t he   cen te r   o f  the p i s t o n   f a c e  

and t h e   p o i n t  of  in te reSt  wh i l e  0 i s  the  angle   between a l i n e  segment 

jo in ing   t he   cen te r   o f   t he   p i s ton  and t h e   p o i n t   o f   i n t e r e s t  and t h e   a x i s  

o f   r o t a t i o n a l  symmetry of the   p i s ton ,   F igure   10 .1 .  The ambient   densi ty  

of the a c o u s t i c  medium i s  p wh i l e  c i s  the  speed of sound i n   t h e  

mediim, and k = w/co. Fur thermore   the   rad ius  of the p i s t o n  is a, and 

J1(() i s  a Bessel func t ion   o f   t he  f i r s t  kind  of  order  one.  

0' 0 

The r eac t ion   fo rce   on   t he   p i s ton  w i l l  now be  determined. The 

pressure ,  p ', a c t i n g   o n  an element of p i s t o n  area, dA', due   t o  the 

motion  of   other  area elements, dA, i s  

i p  c k Ue i (wt-kr) 

p '  = / r  0 0  
2 ~ t r  

Hence t h e   t o t a l   r e a c t i o n   f a r c e  i s  

t o  dA' 

FR( t )  = /I p'dA' . 

dA . (10.9) 

ob ta ined   by   in tegra t ing   wi th   respec t  

(10.10) 
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In t eg ra t ion   y i e lds   an   expres s ion   fo r   t he   r eac t ion   fo rce   wh ich  when 

d iv ided  by t h e   p i s t o n   v e l o c i t y ,  Ue , g i v e s   t h e   a c o u s t i c   o r   r a d i a t i o n  
iut 

impedance 

Zr = rrpocoa [R1 (2ka) + iX1 (2ka) ] , 2 

where 

and 

(10.11) 

(10. l l a )  

(10. l l b )  

(10. l l c )  

Examine t h e  case o f   t h e   p i s t o n   s u b j e c t e d   t o  a random e x c i t i n g  

f o r c e ;   t h i s   e x c i t a t i o n  i s  a s t a t i o n a r y   p r o c e s s   c o n s i s t i n g  of i d e a l  

w h i t e   n o i s e   w i t h   u n i f o r m   s p e c t r a l   d e n s i t y ,   S f ,   i n   t h e   f r e q u e n c y  domain. 

The s p e c t r a l   d e n s i t y   o f   r e s p o n s e   v e l o c i t y  w i l l  be r e l a t e d   t o   t h e  

s p e c t r a l   d e n s i t y  of t h e   f o r c i n g   f u n c t i o n  by 

(10.12) 

where Y(u) i s  the   admi t tance  of t he   p i s ton -acous t i c  medium .sys  tem as 

noted   in   equa t ion   (10 .7) .  The mean-square  response  velocity is ex- 

p r e s s i b l e   i n  terms o f   t he   spec t r a l   dens i ty   o f   t he   r e sponse   ve loc i ty :  

< uz > = SU(u)du . 
0 

(10.13) 
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Hence, by incorpora t ing   equat ions  (10.7) and (10.12) with  (10.13),  

where 

(10.14) 

(10.15) 

and R and X are   determined  f rom  equat ion  (10.11) .  r r 
F o r   g e n e r a l i t y  and  convenience  in   numerical   evaluat ion of the 

i n t e g r a l  i n  (10.14),   the  following  dimensionless  parameters are in -  

troduced: 

C 
- 0 m 

L C - =  J xm-- - w 
3 '  apd  q = - 

n POa 
(0 n 

U t i l i z i n g   t h e s e   q u a n t i t i e s  in  equat ion  (10.14)? an expres s ion   fo r   t he  

mean-square  response  veloci ty   can  be  wri t ten  as  

where 

c 2 = 1 ,  

. 3  



and 

For t h e   s p e c i a l  case where  ka = 3 << 1 , t he   exp res s ions   fo r  

R, and X- s i m p l i f y  and  equation  (10.16) becomes: 
L L 

< u  > 2 

sf - 
2 m c u  n 

where 

4X2X2 m c  
2 J 

a3 

0 

and 

85X X 256hE 641 X2 4X2X2 m c  m c  m c  

9 l l  311 
D =  1 IT + " + " - T + "  ' 

16C2X2X2 641 h' 2 2  
D = C.7- m c  m c  8XlllXC 

2 - 7' 
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Likewise when ka = 3 i s  la rge ,   equa t ion  (10.16) s i m p l i f i e s  and 
lc 

(10.18) 

m o ,  L 
n 

where 

. 2  

and 

x 2  
E2 = [2(;) - 1 3 . 

m 

Equation (10.18) i s  eva lua ted   ana ly t i ca l ly   (B ie rens   de  Haan, 1858) 

wi th   t he   fo l lowing   r e su l t :  

< u  > -  2 
J[ - 

sf P 
(10.19) 

10.1.3  Discussion  of   Resul ts  

Equations (10.16), (10.17), and. (10.18) fo r   t he   d imens ion le s s  

mean-square   response   ve loc i ty   o f   the   p i s ton  were evaluated  numerical ly  

by a p p l i c a t i o n  of Simpson's   rule ,  The behavior  of t h e   i n t e g r a n d s   i n  

t hese   equa t ions   a s  a f u n c t i o n  o f  q i s  i l l u s t r a t e d   i n   F i g u r e s  10.3, 

10.4,  10.5  and 10.6. The monotonic   decreasing  character  of t h e s e  

q u a n t i t i e s  9s q becanes l a r g e   a l l o w s   t h e   u s e  of a l a r g e   f i n i t e   u p p e r  
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l i m i t  i n  the numer ica l   eva lua t ion   process .  The v a l i d i t y  of t h i s  

approach was v e r i f i e d   i n   t h e  case of  equation  (10.18) by use  of   an 

e x a c t   e x p r e s s i o n   f o r   t h e   i n t e g r a l .  A comparison  of   resul ts  by the  two 

methods  involves  differences  of no more than  1/2  of 1 percent .  

In Figure   10 .3   the   admi t tance   func t ion   of   the   sys tem  as   descr ibed  

by equation  (10.16) is  showa f o r   f i x e d  X and 5 as A i s  var ied ;   the  

e f f e c t s  of t h e   a c o u s t i c  medium a r e   a p t l y   i l l u s t r a t e d   h e r e   s i n c e   i n   t h e  

l i m i t  as X - m , Xc 0, t h e   a c o u s t i c  medium becomes a vacuum. F igure  

10.4 shows t h e   v a r i a t i o n   o f   t h e   a d m i t t a n c e   f o r   f i x e d  A and X as 5 i s  

var ied .   Increased  damping s imply  reduces and sh i f t s   t he   r e sonance   peak  

as w i t h  a s imple damped spring-mass  system.  Figure 10.5 shows t h e  

admi t tance   func t ion   for   equa t ion   (10 .17)   for   f ixed  X and 5 a s  X i s  

var ied;   Figure  10.6 shows the   admi t tance   func t ion   for   equa t ion   (10 .18)  

s u b j e c t   t o   t h e  same condi t ions  on X 5 ,  and X 

C m 

m 

C m 

C m 

C J  m' 

Figure  10.7  depicts   the  dimensionless   mean-square  response 

veloci ty   (equat ion  10.16)  as a func t ion   of  X f o r   v a r i o u s   f i x e d   v a l u e s  

of Ac and 5 .  It should  be  noted  that   these  curves   approach a l i m i t i n g  

va lue  of v e l o c i t y  as X i nc reases .  In f ac t ,   t he   a sympto t i c  value of 

veloci ty   approached is t h e   v e l o c i t y  of t h e   p i s t o n  when i n   c o n t a c t   w i t h  

a vacuum. For   the  case  of   the   pis ton-vacuum  sys  tern, the  mean-square 

m 

m 

v e l o c i t y   a t t a i n e d  is  a func t ion   of  5 a l o n e   o r  

For  5 = 0.01,  0.02, 0.04, and 0.08, t h e  l i m  
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mean-square  veloci ty  becomes 78.54, 39.27,  19.63,  and  9.817 r e spec t ive -  

ly .   Figures   10.7 - 10 .13   accu ra t e ly   exh ib i t   t h i s   behav io r .   F igu res  

10.7 - 10.9 are g r a p h i c a l   p r e s e n t a t i o n s   o f   e q u a t i o n  (10.16). F igures  

10.10  and 10.11 are  graphical  forms  of  equation  (10,17) , and  Figures 

10 12  and  10.13  are   graphical  f oms   o f   equa t ion  (10 18). Figure  10.12 

shou ld   be   no ted ,   i n   pa r t i cu la r ,   s ince   on ly   i n   t he   r eg ion   be low  the  

dashed   l i ne  do the   numer ica l   and   ana ly t ica l  results agree .   This   fac t  

r a t h e r   f i r m l y   e s t a b l i s h e s   t h e   r e s p e c t i v e   v a l u e s   o f  h and Xm which 

a11097 va l id   usage   o f   equa t ion  (10.18); i .e. 

C 

" 

xc > / +  . (10.21) 

10.1.4  Conclusions 

The  problem  of a b a f f l e d ,   r i g i d   p i s t o n   r a d i a t i n g   i n t o  a semi- 

i n f i n i t e   a c o u s t i c  medium i s  examined i n  terms of a s ingle-degree-of-  

f reedom  v ibra t iona l   sys tem.   Solu t ion   of   the   d i f fe ren t ia l   equa t ion   of  

motion  permits   determinat ion  of   the  admit tance  of   the  system. The 

exc i t i ng   fo rce   o f   un i fo rm  spec t r a l   dens i ty .  The r e s u l t  i s  a n   i n t e g r a l  

form s o l u t i o n   t h a t  is evaluated  numerical ly .  

The r e s u l t s   i n d i c a t e   t h e   g e n e r a l   r a n g e s  of  usefu lness   o f   the  two 

asympto t i c   r e su l t s ,   equa t ions  (10 e 17) and (10.18), compared w i t h   t h e  

genera l   resu l t s ,   equa t ion   (10 .16) .   Equat ion  (10.19) i s  obvious ly   the  

mos t   u se fu l   r e su l t ,   bu t  it i s  r e s t r i c t e d   t o  small values   of  X and X 

b e i n g   r e l a t e d   t o  Xc by equation  (10.21).   Neither  equation  (10.16)  nor 

(10.17)  can  be  handled  conveniently  without  the  use  of a d i g i t a l  

C m 
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FIGURE IO. I RIGID PISTON IN INFINITE BAFFLE 

FIGURE 10.2 EQUIVALENT SYSTEM 
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computer. Hence t h e   r e s u l t s ,   e q u a t i o n  (10.16) and (10.17),  a r e   n o t   a s  

u s e f u l   a s  would  be a c losed- form  so lu t ion .  

10 .2   Radia t ion   Condi t ion   Ver i f ica t ion  

The g e n e r a l   s o l u t i o n   o f   t h e   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n   i n   t h e  

r ad ia l   coo rd ina te   o f   t he   s epa ra t ed   acous t i c  wave e q u a t i o n   i n   c y l i n d r i -  

ca l   coo rd ina te s  i s  

R(r) = C H(') (krr)  + C (2) H ( ~ )  (krr)  , (10.22) 

where €I('-) and H:2) a r e  Hankel   func t ions   o f   the   f i r s t   and   second  k ind  

o f   o r d e r   o n e   r e s p e c t i v e l y   f o r   t h e   c a s e   o f  a r e a l   s e p a r a t i o n   c o n s t a n t ,  

kr > O  . 

0 

The r a d i a t i o n   c o n d i t i o n   w r i t t e n   i n   t e r m s   o f   R ( r )  i s  

l i m  [ R ' ( r )  - ikrR(r)  ] = 0 
r-a 

(10.23) 

fo r   k r  > 0 .  The i m p o r t a n c e   o f   t h e   r a d i a t i o n   c o n d i t i o n   i n   a n   o s c i l l a -  

t ion  problem  generated  by  sources   in   the  f ini te   domain i s  t h a t   t h e  

r a d i a t i o n   c o n d i t i o n  is  t h e n   s u f f i c i e n t   t o   i n s u r e  a u n i q u e   s o l u t i o n .   I n  

o ther   words ,   the   rad ia t ion   condi t ion   guarantees   tha t   sources   a re ,   in  

f ac t ,   sou rces - -no t   s inks .  As a r e s u l t ,   t h e   o n l y   a d m i s s i b l e   s o l u t i o n   t o  

t h e   r a d i a l   p a r t  of t h e   s e p a r a t e d  wave e q u a t i o n   i n   c y l i n d r i c a l   c o o r d i -  

na t e s  i s  an  outgoing wave f r o n t .  

Equation  (10.22) is subs t i tu ted   in to   equat ion   (10 .23)   and  

asymptot ic   express ions   for   the   Hankel   func t ions   and   the i r   der iva t ives  

a r e  employed as   fo l lows:  
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H(') (krr) = J"& e 
i ( k p r  - a  A(l) i k r r  

- 
" 

0 
e 

6 
and 

Fur ther  

and 

S u b s t i t u t i o n   g i v e s   t h a t  

i k  r 
l i m  [ R '  ( r )  - i k  -r R ( r )  ] =: l i m  [C(l)A(l)e 

-ik r - 4 - i k  r - i k  r - 4  
x (  r 

r - ik,) + C (2)* (2)  e r (  r 
r - ik,) ] . 

Rewri t ing  and  s implifying  produces 

i k  r 
l i m  [ R '  ( r )  - i k_R( r ) ]  = l i m  [ C  ( l ) p e  r 

(10.24) 

(10 25) 

(10.26)  

(10.27) 

(10.28) 

The l i m i t  of a sum i s  e q u a l   t o  the sum o f   t h e  limits p rov ided   t ha t   t he  
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s e p a r a t e  limits e x i s t .  The l i m i t  o f   t h e   f i r s t  term of   equat ion (10.28) 

indeed  exis ts   and i s  e q u a l   t o   z e r o  i n  t h e  l i m i t  o f   l a rge  r b u t   t h e  

second  term  does  not  have a l i m i t .  Hence i n   o r d e r   f o r   t h e   r a d i a t i o n  

condi t ion  t o  be fuLf i l l ed ,  C(2)  must  equal  zero.   This  requirement 

eliminates  the  second  kind  of  Hankel  function from equat ion  (10.22) ,  

and the  r e su l t  i s  

R(r) = C H(') (k,r)  (10.29) 

f o r  k r e a l  and p o s i t i v e .  r 

Proceeding  in  a s i m i l a r  manner f o r  k = i k r  > 0 , the   analogue r 

to  equation  (10.22) i s  

and the   r ad ia t ion   cond i t ion  i s  

l i m  ,/?? [ R '  (1) - Ii,R(r) ] = 0 . 
rtoo 

(10.30) 

(10.31) 

Subs t i t u t ing   equa t ion  (10.30) into  equat ion  (10.31)  and u t i l i z i n g  

asymptot ic   expressions  for   the  Hankel   funct ions  yields  

-E r 
l i m  [ R ' ( r )  - fIrR(r)] = l i m  [ B  ( 1 ) * W e  r 

(10.32) 

It  can  be shown i n   t h i s   c a s e   t h a t  B(2) m u s t  e q u a l   z e r o   i n   o r d e r   f o r   t h e  

l i m i t  of   the  sum t o   e x i s t  and be  zero;  hence  equation  (10.30) becomes 

R(r) = B (')H(') ( i k r r )   f o r  E, > 0 . (10.33) 
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Both  equations (10.29) and (10.33) a re  t h e   s o l u t i o n s   t o   t h e   r a d i a l  

p a r t   o f   t h e   s e p a r a t e d  wave equat ion  employed i n   t h e   p r e v i o u s   a n a l y t i c a l  

developments  of  Chapter 4. 

10.3 Computer  Programs 

This  section  presents  the  computer  programs employed t o   e v a l u a t e  

t h e   r a d i a t i o n   r e s i s t a n c e   a s   g i v e n  i n  equations  (4.73) and (4.121) 

The program  contained i n  s e c t i o n  10.3.1 i s  employed t o   e v a l u a t e  

the   r ad ia t ion   r e s i s t ance   fo r   ax i symmet r i c  mode shapes .   Input   da ta  

a b o u t   s h e l l   m a t e r i a l  and  geometry a s  w e l l  a s   f l u i d   p r o p e r t i e s   a r e  

employed t o   c a l c u l a t e   t h e   i n d i v i d u a l  terms of t h e   s e r i e s .  Summation i s  

t e rmina ted   a t   t he   po in t   such   t ha t  n i s  g rea t e r   t han  q/(rca/L) o r  upon 

convergence  of  the series t o   t h e   d e g r e e   t h a t   t h e   a b s o l u t e   v a l u e  of the  

l a s t  term div ided  by the  sum of a l l   p r e v i o u s l y   c a l c u l a t e d   t e r m s  i s  

l e s s   t h a n   o r   e q u a l   t o  0 . 1  of  one  percent.  

Sec t ion  10 .3 .2  p re sen t s  a program  which i s  employed t o  compute  an 

ave rage   r ad ia t ion   r e s i s t ance .  The program of s e c t i o n  1 0 . 3 . 1  i s  u t i l i z e d  

as  a funct ion  subprogram  in  a S impson ' s   Rule   in tegra t ion  scheme  which 

ave rages   t he   r ad ia t ion   r e s i s t ance   fo r   ax i symmet r i c  mode shapes.  

The program  of   sect ion  10.3.3 i s  u t i l i z e d   t o   e v a l u a t e   t h e   r a d i a -  

t i o n   r e s i s t a n c e   f o r   l o b a r  mode shapes .   Input   da ta   concern ing   she l l  

m a t e r i a l  and  geometry  as w e l l  a s   f l u i d   p r o p e r t i e s   a r e  employed t o  

c a l c u l a t e   t h e   i n d i v i d u a l  terms of   the  series. Summation i s  terminated 

a t   t h e   p o i n t   s u c h   t h a t   t h e   a b s o l u t e   v a l u e   o f   t h e   l a s t  term divided by 

t h e  sum of a l l   p r e v i o u s l y   c a l c u l a t e d   t e r m s  i s  less than   o r   equa l   t o 'O .1  

of  one  percent.  

I 
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10.3.1  Program to Compute  Radiation  Resistance f o r  Axisymmetric  Mode 
ShaDes 

~ ~ .~ ~ ~ ~ ~- - ." - . ~ ~ _" .~ ,. . , " 

1 FORMAT( '1' 19xJ  'DIMENSIONLESS RADIATION RESISTANCE') 

3  FORMAT(' I ,  31xJ  'MODE SHAPE') 
2  FORMAT( ' ' 23XJ  'FOR  AN  AXISYMMETRIC  SHELL') 

4 FORMAT( '0 ' 23X,  'SHELL MAT L  .-7075-ALUMINUM1) 
40 FORMAT(' 'J5X, 'DENSITY  RATIO = 'gE11.4,10X,  'SPEED  RATIO = ',E11.4) 
5  FORMAT('O',9XJ  'A/L = ',E11.4,20X,  'H/L = ',E1lO4) 
6  FORMAT( '0 ', 14X,  'ETA',O5Xy  'RADIATION  RESISTANCE',4X,,  'RDB',  11X,  'N') 
7 FORMAT('O',10X,E11.4,5X,E11.4,5X,E11.4,5X,I4) 
X(AJNJ B) =A**2-(3.1415927*N*B)+:*2 
CHIN(A,B,N,C,DyE)=A*B+:(((3.1415927~:N)**2+:CJ~D)+~:iJc2/12.+(1.-E*~~2)) 
WRITE(  3,l) 
WRITE(  3,2) 
WRITE(  3,3) 
PI=3.1415927 

SHELL  MATERIAL  AND  FLUID  PROPERTY  PARAMETERS 
SHELL  MATERIAL - 7075  ALUMINUM 

E=10.4E+O  6 
RHOS4 .10 1 
PRATO4.333 
DRATO=4.4276E-O5/RHOS 
SRATO=(32.1739*E)/(RHOS+c(1. -PRATO+e+:2)+:(1117.)+:"2) 
WRITE (3,4) 
WRITE ( 3 40) DRATO,  SRATO 

GEOMETRY  PARAMETERS 

HOL=.  1E-04 
AOL=.  1E-0 1 
WRITE(  3,5)  AOL,  HOL 
WRITE (3,6) 
DO  50 K = l  , 9 
DO 50 J=OJ9 
DO  50  I=O,4 
ETA=. 100*K+. 0 1*J+. 00 2*I 
TOPSUM4.0 
BOTSUM4 0 
N=l 

10 CONTINUE 
IF ( ( N. GT. ETA/ ( PI*AOL) ) . AND. ( N . EQ 
IF (ABS ( TOPTER/TOPSUM) . LE. 0. ooo 1) 
IF(N.  EQ. 1) GO TO 12 

12 CONTINUE 
XR=S  QRT (X  (ETA, N, AOL) ) 

CALL BESJ(XR,0JB0,0.0005,1EO) 
CALL  BESJ(XR,l,  B1,0.0005,IE1) 

IF(XR.GE.50.) GO.TO 13 

1)) GO TO  25 

GO TO 15 
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GO TO 14 
13 CONTINUE 

BO=SQRT(2./(PI+~XR))*COS(XR-P1/4.) 
B1=SQRT(2./(PI~~XR))+cCCOS(XR-(3.+~PI/4.)) 

QRATO=l. /N 
FRATO=l . / (1. +( DRATOJ;AOL*BO) / (HOL+cXR+cB1) ) 
FRATO=FRATWQRATO 
ZET=CHIN(FRATO, SRATO, N, HOL,AOL,  PRATO) 
TOPTER=(FRATO/(ETA+C+C~-ZET))+C+C~*(~./(XR+C*~+CB~+C+C~)) 
TOPSUM=TOPSLlM+TOPTER 

IF(N. EQ. 1) GO TO 1 7  

14 CONTINUE 

15 CONTINUE 

IF (ABS (BOTTER/BOTSUM) . LE. 0 ,  OOOI) GO TO 20 
1 7  CONTINUE 

IF(XR.   LT .0 .5 )  GO TO 18 
CALL BESY(XR, 1, BY1, IEY1) 
GO TO 19 

18 CONTINUE 
BY1=-2./(PI*XR) 

BOTTER=(FRATO/(ETA+~+C~-ZET))+C*~*(~. +BY1+<*2/B1+<*2) 
BOTSUM=BOTSUM+BOTTER 
N-N+2 
I F ( N .  GT. ETA/(PI*AOL)) GO TO 20 
GO TO 10 

20 CONTINUE 
RRAD=4. +<ETA*+c2+<  (TOPSUM/BOTSUM) 
RDB=10. +cALOGlO (RRAD/100. ) 
GO TO 30 

2 5  CONTINUE 
RRAD4 
RDB=-. 1E30 
WRITE( 3 , 7 )  ETA, RRAD,  RDB, N 

WRITE ( 3 , 7 ) -  ETA, RRAD,  RDB, N 
50 CONTINUE 

STOP 
END 

19 CONTINUE 

30 CONTINUE 

1 0 . 3 . 2   P r o g r a m  t o  Average R a d i a t i o n   R e s i s t a n c e  for A x i s m e t r i c  Mode 
S h a p e s  

COMMON AOL,  HOL, P I ,  DRATO, SRATO,  PRATO 
EXTERNAL F 
DIMENSION DATA ( 7  8) 

1 FORMAT('1',15X,'DIMENSIONLESS AVERAGE RADIATION RESISTANCE') 
2 FORMAT( ' ', 23X,  'FOR AN AXISYMMETRIC SHELL') 
3 FORMAT( ', 31X, 'MODE SHAPE') 
4 FORMAT( '0 ', 23X,  'SHELL MAT L -7075-ALUMINUM') 
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40 FORMAT('  ',5X,'DENSITY  RATIO = ',E11.4,10X,'SPEED  RATIO = ',E1ls4) 
5 FORMAT('O',gX, 'A/L = ',E11.4,2QXJ  'H/L = ',E11,4) 
6 FORMAT('O',lOX,  'A1,14X, 'DEL1,13X, 'RPA',12XJ  'RPADB',9XJ  'N',6XJ  'IER' 
*I 

60 FORMAT(8F10.4) 
7 F0RMAT('0',05X,E~~.~,05X,E11.~,05X,E~1.4,05X,E11.4,04X,14,04X,14) 
WRITE( 3 , 1) 
WRITE( 3 , 2) 
WRITE( 3,3) 
PI=3.1415927 

C 
C  SHELL  MATERIAL  AND  FLUID  PROPERTY  PARAMETERS 
C  SHELL  MATERIAL - 7075  ALUMINUM 
C 

E=10.4E+C6 
RHOS*. 10 1 
PRATOS. 333 
DRAT0=3.605E-O2/RHOS 
SRATO=(32.1739*E)/(RHOS*(l. -PRATO**2)*(4859.)**2) 
WRITE (3,4) 
WRITE( 3 , 40) DRATO,  SRATO 

L 

C  GEOMETRY  PARAMETERS 

HOL=. 1 E-0 4 
AOL=. 1E-0 1 
WRITE ( 3 , 5) AOL,  HOL 
WRITE( 3 , 6) 
A=PI*AOL+. 000000 1 
READ(  1,60) ( (DATA(1, J) , J=1,8) , I=1 ,7)  
DO 50 I=1,7 
DO 50 J=1,8 
B=DATA (I , J) 
CALL 1NTRL(F,A,B,0.001,12,S11,SyN,1ER) 
DEL=B-A 

RPADB=lO.+<ALOGlO  (RPA/100. ) 
WRITE(  3,7)  A,  DEL,  RPA,  RPADB,  N,  IER 
A=B 

RPA=S/DEL 

50 CONTINUE 
STOP 
END 

SUBROUTINE  INTRL(F  ,A, By DEL,  IMAX,  SII, S ,N,  IER) 
SI14 0 0 
s s . 0  
N=O 
BA=B-A 
IF  (BA)  20,19,20 
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19 I E R = l  

20 IF (DEL)   22 ,22 ,23  
2 2   I F R = 2  

23 I F  (IMAX-1) 24,24,25 
2 4   I E R = 3  

RETURN 
25 X=BA/2. +A 

NHALF=1 
SLJMK=F(X)+:BA*2./3. 
S=SUMK+(F(A)  +F(B))+CBA/6. 
DO 28  1=2,IMAX 
S I I = S  

NHALF  =NHALF+:2 
ANHLF =NHALF 
FRSTX=A+( BA/ANHLF) / 2 .  
S W = F  (FRSTX) 
XK=FRSTX 
KLAST=NHALF-1 

RETURN 

RETURN 

S=(S-SUMK/2.)/2. 

FINC=BA/ANHLF 
DO 26  K=l ,KLAST 
XK=XK+F I N C  

26   SW=SUMK+F (X) 
STUMK=SUMK9c2.  PBA/ (3. ANHLF) 
s =s tSUMK 

2 7  IF(ABS(S-SII)-ABS(DEL9cS)) 2 9 , 2 8 , 2 8  
2 8  CONTINUE 

I ER=4 
GO TO 30 

2 9   I E R S  
30 N=29cNHALF 

RETURN 
END 

FUNCTION F (XTA) 
COMMON AOL,  HOL, P I ,  DRATO, SRATO, P U T 0  
X(A,N,  B)=A9~9:2-(3.14159279~N+cB)g:*2 
C H I N ( A , B , N , C y D , E ) = A * B ~ : ( ( ( 3 . 1 4 1 5 9 2 7 * N ) * + : 2 J r C * D ) ~ i * 2 / 1 2 . + ( 1 . - ~ ~ : 2 ) )  
TOPSLJM4 0 
BOTSLJM=O. 0 
N = l  

10 CONTINUE 
IF ( (N. GT. XTA/(PI*AOL) .AND. (N. EQ. 1) ) GO TO 25 
I F ( N . E Q ,  1) GO TO 1 2  
IF (ABS (TOPTER/TOPSUM) . LE. 0. ooo 1) GO TO 15 

XR=S QRT (X ( XTA, N, AOL) ) 
1 2  CONTINUE 

IF(XR.  GE. 50.) GO TO 13 

I 
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CALL BESJ(XR,O.B0,0.0005,IEO) 
CALL BESJ(XR,l,Bl,O.O005,1E1) 
GO TO 14 

13 CONTINUE 
BO=SQRT(2./(PI+cXR))*COS(XRcP1/4.) 
B1=SQRT(2./(PI+~XR))*COS(XR-(3.*PI/4m)) 

QRATO=1 e /N 
FRATO=l. / (1. +(DEUTO*AOLJCBO) / (HOL*XR*Bl) ) 
FRATO=FRATOJrQRATO 
ZET=CHIN  (FRATO,  SRATO,  N, HOLY AOL,  PRATO) 
TOPTER=(FRATO/(XTA+C*~-ZET))+C+C~*(~./(XR+C+C~+~B~~~*~)) 
TOPSUM=TOPSUM+TOPTER 

14  CONTINUE 

15  CONTINUE 
IF(N.  EQ. 1) GO TO 17 
IF  (ABS  (BOTTER/BOTSUM) . LE. 0.000 1) GO TO 20 

IF(XR.  LT.0.5) GO TO 18 
CALL  BESY  (XR, 1, BY 1, I EY 1) 
GO TO  19 

18 CONTINUE 
BY1=-2. / (PI+cXR) 

18 CONTINUE 
BOTTER=(FRATO/(XTA**2-2ET))+~*2+c(l. +BYl+r*2/B1+~*2) 
BOTSUM=BOTSUM+BOTTER 
N=N+2 

17  CONTINUE 

IF ( N. GT. XTA/ ( PPAOL) ) GO TO 20 
GO TO 10 

20  CONTINUE 
RRAD=4. +cXTA**2+c(TOPSUM/BOTSUM) 
F=RRAD 
GO TO  30 

25  CONTINUE 
RRAD=O . 0 
F  =REUD 

30 CONTINUE 
RETURN 
END 

10.3.3  Program  to  Compute  Radiation  Resistance  for  Lobar  Mode  Shapes 
. .  . ~ . .  , ~ 

1 FORMAT( '1 ' , 19X,  'DIMENSIONLESS  RADIATION  RESISTANCE ' )  
2 FORMAT( ' ', 21E,  'FOR A  SHELL  EXHIBITING  A  LOBAR') 
3 FORMAT( ' ', 31X,  'MODE  SHAPE ' ) 
4 FORMAT( '0 23X,  'SHELL  MAT  L  -7075-ALUMINUM') 

-40 FORMAT('  ',5X,  'DENSITY  RATIO = ',E11.4,10X,  'SPEED UTI0 + ',E11.4) 
5 FORMAT('0',27X,  'H/A = ',E11.4) 
6 FORMAT( '0 ', 14X,  'ETA',05X,  'RADIATION  RESISTANCEt,4X,  'RDB',  11X,  'MI) 
7 FORMAT( '0 I, 10X,E11.4,5X,E11.4,5X,E11.4,5X,I4) 
CHIM(A,  B,M) =(1./12.)*A+c(Bgc9~2)*M**4 
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WRITE (3,l) 
WRITE (3  2) 
WRITE  (3 3) 
P.K=3.1415927 

C 
C  SHELL  MATERIAL  AND  FLUID  PROPERTY  PARAMETERS 
C  SHELL  MATERIAL - 70  75-ALUMINUM 
C 1 

E=10.4E+O 6 
RHOS 4 10 1 
PRATO=O.  333 
DRATO=3.605E-O  2/RHOS 
SRATO=(32.1739*E)/(RHOS*(l. -PRATO*9:2)*(4859.)**2) 
WRITE (3,4) 
WRITE(  3,40)  DRATO,  SRATO 

C 
C  GEOMETRY  PARAMETERS 
C 

DO 50 I = 1 , 2  
DO 50 J=1,5 
HOA=(  .OOl.E-O1)*J~~10~:~~1 
WRITE(  3,5)  HOA 
WRITE(  3,6) 
DO 50 K=O, 100 
DO 50 L a ,  1 
ETA=50.0 +l . O*K+O .5*L 
TOPSUM4. 0 
BOTSUM=O . 0 
M=l 

IF (M, LE. 2) GO TO 100 
MFAC=WAC+< (M- 1) 
GO TO 11 

100 CONTINUE 

10 CONTINUE 

MFAC=l 
11 CONTINUE 

IF(M.  EQ. 1) GO TO 12 
IF (ABS (TOPTER/TOPSUM) . LE. 0. ooo I) GO TO 15 

12 CONTINUE 
IF(ETA.  GE.50.) GO TO 13 
CALL BESJ(ETAJM,B0,0.0005,1EO) 
MADD=M+l 
CALL BESJ(ETA,MADD,Bl,O.O005,IEl) 
GO  TO 14 

13 CONTINUE 
BO=SQRT (2. / (PIJCETA) ) *COS  (ETA-PI/I(. -M*FI/2. ) 
MADD=M+1 
Bl=SQRT(2./(PI"ETA>)*COS(ETA-F1/4. "ADD*PI/2.) 

14 CONTINUE 
FRATo=~. / (1 - (DRATO* ( 1 I /HOA) * (BO/ (M*BO-ETA*B~) ) ) ) 
ZET=CHIM(  SRATO,  HOA,M)  *FRAT0 
TOPTER=(FRATO/(ZET-ETA**2))**2*(l./(M*BO-ETA*Bl))**2 
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TOPSUM=TOPSUM+TOPTER 

IF(M.  EQ. 1) GO TO 17 
15  CONTINUE 

IF (ABS (BOTTER/BOTSUM) . LE. 0.000 1) GO TO 20 
17 CONTINUE 

IF(  (M.  EQ.0)  .AND.  (ETA.  LT.0.5)) GO TO  200 
IF(ETA.  LT.0.5) GO TO 18' 
IF  (ETA.  GE.  50 .) GO TO 300 ; 
CALL  BESY  (ETA,M,  BYO,  IEYO) 
CALL  BESY(ETA,MADD,BYl,  IEY1) 
GO TO  19 

18 CONTINUE 
BYD=((-~.**M-~MFAC)/PI)~~(~./ETA~~*M) 
BY1=((-2.**MADDJrMFAC*M)/PI)*(l./ETA**MADD) 
GO  TO  19 

200 CONTINUE 
BYO= (2.  /PI)  *ALOG10  (ETA) 
BY1= -2. / (PIJcETA) 
GO TO  19 

300 CONTINUE 
BYO=SQRT(2./(PI*ETA))gcSIN(ETA-P1/4. -M*PI/2.) 
BY1=SQRT(2./(PI*ETA))gcSIN(ETA-P1/4. "ADD*PI/2.) 

BOTTER=(FRATO/(ZET-ETA**2))**2*(1. +(M*BYO-ETA*BY1)**2/(M9cBO-ETA*B1 

BOTSUM=BOTSUM+BOTTER 
M=M+2 
GO TO 10 

20 CONTINUE 
RRAD=8  *ETA*  (TOPSUM/BOTSUM) 
RDB=10  JcALOG10 (RRAD/100. ) 
WRITE ( 3 , 7 )  ETA, RRAD, RDB, M 

50 CONTINUE 
STOP 
END 

19 CONTINUE 

*) Jc* 2) 
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